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Abstract: We propose Swampland constraints on consistent 5-dimensional N = 1
supergravity theories. We focus on a special class of BPS magnetic monopole strings
which arise in gravitational theories. The central charges and the levels of current
algebras of 2d CFTs on these strings can be calculated by anomaly inflow mechanism
and used to provide constraints on the low-energy particle spectrum and the effective
action of the 5d supergravity based on unitarity of the worldsheet CFT. In M-theory,
where these theories are realized by compactification on Calabi-Yau 3-folds, the spe-
cial monopole strings arise from wrapped M5-branes on special (“semi-ample”) 4-
cycles in the threefold. We identify various necessary geometric conditions for such
cycles to lead to requisite BPS strings and translate these into constraints on the
low-energy theories of gravity. These and other geometric conditions, some of which
can be related to unitarity constraints on the monopole worldsheet, are additional
candidates for Swampland constraints on 5-dimensional N = 1 supergravity theories.
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1 Introduction
Many decades of string theory research has reinforced the picture that quantum
field theories that arise in the low energy limit of quantum gravitational theories are
rather special [1]. The conditions thus imposed from string theory on the low energy
quantum gravity theories, the Swampland constraints, are expected to cut the space
of quantum field theories (up to deformations) to a finite set. However, a skeptic
may wonder whether string theory’s inability to lead to specific low energy quantum
systems is a deficiency of string theory, or a constraint on quantum gravitational
theories. In other words, could the string lamppost be misleading us in identifying
the correct Swampland constraints? Or does the string lamppost principle (that
all consistent quantum gravitational theories are accounted for by the string vacua)
hold?
To investigate this question we need to find reasons, independently of string
theory, which explain the proposed Swampland constraints based on other basic
principles, such as unitarity and other consistency requirements of quantum gravity
theories. To study this question it would be natural to start with the simplest class of
quantum gravity theories with the higher amount of supersymmetries in Minkowski
background. Theories with 32 supercharges are unique in each dimension (except
there are two in 10 dimensions depending on whether we have IIA (1, 1) or IIB (2, 0)
supersymmetries), and all realized in string theory. So the next case to consider
are theories with 16 supercharges. There are only 2 such theories in 10 dimensions
and that can be argued based on anomalies combined with additional arguments
[2, 3] which rule out additional possibilities with abelian factors. Again both of these
theories (E8 × E8 and SO(32)) are obtained from string theory. Theories with 16
supercharges in lower dimensions obtained from string theory are rather restricted
and in particular they enjoy an upper bound on their rank r ≤ 26 − d. This upper
bound on the rank has also been obtained recently without appealing to string theory
[4]. Given this success in checking the string lamppost principle with theories with
such a high supersymmetry, it is natural to move to the next case of theories with 8
supercharges1.
The highest dimension for supergravity theories with 8 supercharges is d = 6,
corresponding to N = (1, 0) supersymmetric theories. Being chiral, anomaly can-
cellations lead to severe restrictions on the matter content of these theories, which
has been systematically studied [5]. A finite subset of the anomaly free matter con-
tents can be realized by compactification of F-theory on elliptic CY 3-folds and it
is natural to believe that the rest are not consistent. In [3] it was shown that the
assumption of existence of BPS strings in these theories (which is a natural extension
of Swampland’s completeness conjecture), and the requirement of having a unitary
theory on their worldsheet, leads to severe restrictions and it was shown that this
1We can also study theories with 24 and 12 supercharges as well, which arise in d ≤ 4.
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rules out some infinite class of anomaly free matter spectrum that is not possible to
construct from string theory. The idea of using unitarity of BPS worldsheets in the
context of swampland has been further investigated in [4, 6].
The aim of this paper is to continue investigating Swampland constraints on
theories with 8 supercharges along the same lines, but now in 5 dimensions. These
are obtained by compactification of M-theory on CY 3-folds. A subset of these
involve compactification on elliptic CY 3-folds, which would correspond to further
compactification of 6d F-theory constructions of N = (1, 0) supersymmetric theories
on a circle. In addition to the matter content, the low energy theory is characterized
by gauge (AF 2) as well as mixed gauge/gravitational Chern-Simons terms (AR2).
Our aim in this paper is therefore to find restrictions on both the matter content and
the associated Chern-Simons terms. 5d supergravities enjoy BPS strings, which in
the gauge theory setup would correspond to monopole strings. We focus on a special
class of these strings which exist only in gravitational theories and which give rise to
black strings with macroscopic entropy when we increase their charge. As in [3] we
use unitarity constraints on the worldsheet of monopole strings to find Swampland
constraints. From the M-theory perspective, these strings correspond to M5 branes
wrapping special 4-cycles (“semi-ample”), which roughly speaking translate to the
condition that the cycles are represented by holomorphic cycles which are not rigid.
These are a slight extension of MSW strings studied in [7]. In this geometric setup,
the gauge and mixed Chern-Simons terms translate to triple intersection of 4-cycles
and to the intersection of 4-cycle with dual to second Chern class, respectively. We
use this dictionary to see which constraints predicted from the unitarity constraints
on the monopole worldsheet can be seen geometrically. We find that some, but not
all of them can be explained geometrically. Similarly, from geometric restriction,
we find additional constraints for the effective 5d supergravity theories that we do
not know their origin in terms of unitarity constraints on the monopole strings. We
propose the union of these constraints as candidates for Swampland constraints for
N = 1 supergravity theories in 5 dimensions.
The rest of the paper is organized as follows. In Section 2 we review the 5dN = 1
supergravity theories. The Coulomb branch of the moduli space and the effective
action, and BPS monopole strings in the supergravity theories will be introduced.
We also discuss the consistency conditions of monopole strings in terms of Chern-
Simons terms in the 5d effective action. In Section 3, we identify monopole strings
in the low-energy 5d theories in M-theory compactified on a compact Calabi-Yau
threefold with M5-brane states wrapped on semi-ample divisors embedded in the
threefold. We give the details of geometric conditions on semi-ample divisors and
discuss the physical interpretations of the geometric conditions. In Section 4, we
show that the conditions on the strings and the properties of the associated 4-cycles
when geometrically engineered can be used to constrain the effective Chern-Simons
terms and the content of massless states in the 5d gravity theories. Lastly, in Section
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5 we present our conclusions and discuss some open questions. Appendix A contains
various mathematical facts about the 4-cycles in Calabi-Yau threefolds. We provide
in Appendix B explicit constructions of some Calabi-Yau geometries that lead to 5d
supergravity theories.
2 N = 1 supergravity in five dimensions
In this section, we start by reviewing the salient features of the N = 1 supergravity
theory in five dimensions. We will first present a gauge theoretic perspective of the
5d supergravity theory that is described by the effective theory of gravity coupled
to vector multiplets for the gauge group G and hypermultiplets carrying the gauge
charges. We will then review the monopole strings of the 5d theory and then define
a class of those called supergravity strings which exist only in a supergravity theory.
2.1 General aspects of low energy field theory
Consider a 5d N = 1 gravitational theory with gauge group G. We are primar-
ily interested in its effective field theory at low energy on the Coulomb branch of
the moduli space. The massless supermultiplets in the spectrum are the gravity
multiplet, a number of vector multiplets, and charged and neutral hypermultiplets.
The vector multiplets of G contain the vector fields Aµ and the real scalar fields φ.
The scalars φ can take nonzero expectation values in the Cartan subalgebra of the
gauge group G. The scalar expectation values, which we denote by φa, a = 1, · · · , r,
are moduli parametrizing the Coulomb branch. At a generic point on the Coulomb
branch, the gauge group G is broken to its abelian subgroup U(1)r with r = rank(G)
and the theory reduces to a supergravity theory coupled to r Abelian vector multi-
plets as well as neutral hypermultiplets.
The bosonic action on the Coulomb branch for the gravity multiplet and vector
multiplets is given by [8, 9]
S =
∫ (
∗R−GIJdφI ∧ ∗dφJ −GIJF I ∧ ∗F J − 1
6
CIJKA
I ∧ F J ∧ FK
)
, (2.1)
where R is the Ricci curvature and F I = dAI is the field strength of the gauge group.
Here we collectively denote the graviphoton field A0µ in the gravity multiplet and the
r gauge fields in the vector multiplets by AIµ, I = 0, 1, · · · r. GIJ is the metric for
the geometry of the scalar moduli space. CIJK is the level for the cubic Chern-
Simons term and it is quantized due to gauge invariance of the Abelian symmetries
as CIJK ∈ Z [10].
The metric on the scalar moduli space in the effective action is determined by
the prepotential defined as
F = 1
6
CIJKφ
IφJφK , (2.2)
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which is a homogeneous cubic polynomial in the scalar expectation values φI obeying
the hypersurface constraint,
F = 1
6
CIJKφ
IφJφK = 1 . (2.3)
The geometry parametrized by φI under this constraint is called the very special
geometry. The metric on this hypersurface can be obtained as
GIJ = − 1
2
∂2 logF
∂φI∂φJ
∣∣∣∣
F=1
. (2.4)
One can also consider hypermultiplets in the low energy theory. Charged hy-
permultiplets are all massive at a generic point on the Coulomb branch. They are
already integrated out in the above effective action. On the other hand, the neutral
hypermultiplets remain massless in the low energy theory. They will play some role
in our discussion later.
On the Coulomb branch of the moduli space, the low-energy spectrum includes
1/2 BPS extended objects magnetically charged under the Abelian gauge groups.
We call them magnetic monopole strings, or monopole strings for short. A monopole
string carries the magnetic charge of gauge fields AI as,
qI =
1
2pi
∫
S2
F I . (2.5)
Here the integration is taken over the two-sphere S2 surrounding the string. The
tension of this string can be exactly computed from the prepotential. For a string
carrying unit magnetic charge of AIµ, its tension is given by
TI =
∂F
∂φI
∣∣∣∣
F=1
. (2.6)
The monopole strings and their geometric counterparts are central ingredients in this
paper. We will discuss their properties in detail in the next subsections.
The low-energy theory may involve higher derivative corrections to the effective
action. Some special higher derivative terms are determined by a combination of
topological data and supersymmetry. One is the mixed gauge/gravitational Chern-
Simons term of the form,
SARR =
1
48
∫
CI A
I ∧ tr(R ∧R) , (2.7)
where R = dω + ω ∧ ω is the curvature 2-form for the spin connection ω. This term
is linear in the gauge field AI , so we call this term as the linear Chern-Simons term.
The supersymmetric completion of this four-derivative correction was obtained in
[11] using conformal supergravity techniques.
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The level CI for the linear Chern-Simons term is also quantized as follows [12].
Let us put the theory on a five manifold M5 = S1 ×M4. Then consider a large
gauge transformation of the gauge field AI ,
AI → AI + n
R
dx5 , (2.8)
where n ∈ Z and R is the radius of the S1 with coordinate x5. This gauge transfor-
mation varies the linear Chern-Simons term as
δSARR =
npi
24
CI
∫
M4
tr(R ∧R) = −npi
48
CI
∫
M4
p1(T4) , (2.9)
where p1(T4) = −2 trR ∧ R is the first Pontryagin class for the tangent bundle T4.
Note that the integration of p1 over a spin manifold M4 gives an integer number:
1
48
∫
M4
p1(T4) ∈ Z . (2.10)
Now demanding that the partition function is invariant under this large gauge trans-
formation quantizes the level as an even integer, therefore CI ∈ 2Z.
The gauge symmetry can enhance to a bigger symmetry at special loci in the
moduli space where some charged vector fields become massless. On the special
locus, the Abelian gauge groups can enhance to non-Abelian groups provided that
the massless charged vector fields form the adjoint representation of the non-Abelian
symmetries. The full gauge group is then given by G = G × U(1)r+1−r where G is
the product of the enhanced non-Abelian groups with r = rank(G). There can also
be massless hypermultiplets charged under the enhanced gauge symmetry G. The
low-energy theory on the special vacua is then described by the gauge theory of the
enhanced gauge group G coupled to the massless charged hypermultiplets.
Two-derivative terms in the gauge theory action for each gauge multiplet Φi of
a simple non-Abelian group Gi ⊂ G are determined from the prepotential
FGi = −
hi
2
Tr(Φ2i ) +
κi
6
Tr(Φ3i ) , (2.11)
where hi is the gauge coupling and κi is the classical Chern-Simons level for Gi. The
classical Chern-Simons level is an integer and non-zero only for Gi = SU(N) with
N ≥ 3. Here, the gauge coupling hi is given by a linear sum of the scalar values φα
in the Abelian part, such as
hi =
r+1−r∑
α=1
hi,αφ
α . (2.12)
These scalar moduli φα parametrize the special sub-manifold of the moduli space
where the gauge symmetry enhancement occurs. There is no four-derivative cor-
rection to the non-Abelian action because if it exists, it is linear in Φi, but Φi is
traceless.
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One can move away from the special vacua by turning on generic scalar expecta-
tion values, say φai , a = 1, · · · , rank(Gi), for the Cartan generators of the non-Abelian
symmetry Gi. This will bring us back to the Abelian effective theory at low energy.
The prepotential of the Abelian theory in the neighborhood of the special loci is
determined by a one-loop calculation with charged fermions that become massive
with non-zero values of φai . For a non-Abelian gauge group Gi and matter hyper-
multiplets in generic representations, the prepotential after the one-loop calculation
is [10, 13, 14]
FGi = −
hi
2
Ki,ab φ
a
i φ
b
i +
κi
6
di,abcφ
a
i φ
b
iφ
c
i +
1
12
∑
R
|R · φi|3 −
∑
f
∑
wf
|wf · φi|3
 ,
(2.13)
where Ki,ab is the Killing form of Gi and di,abc =
1
2
Tr(T ai {T bi , T ci }) with the generator
T ai in the fundamental representation of Gi. R and wf are the roots and the weights
for the f -th hypermultiplet of Gi, respectively.
In addition, a mixed gauge/gravitational Chern-Simons term with the level Ci,a
is induced by integrating out the charged fermions. The result from the one-loop
computation is [15]
Ci,a = − ∂
∂φai
∑
R
|R · φi| −
∑
f
∑
wf
|wf · φi|
 . (2.14)
Note that not all supergravity theories have such special sub-manifolds of the
moduli space supporting enhanced gauge symmetry. Also, it is possible that a single
theory has different special vacua with different non-Abelian gauge theory descrip-
tions, which may lead to interesting dualities. However, at a generic point on the
Coulomb branch, the effective theory after integrating out all the massive charged
fields always reduces to an Abelian gauge theory description.
A large class of 5d N = 1 supergravities can be constructed from M-theory
compactification on compact Calabi-Yau threefolds. Such theories will be discussed
in more details in the next section.
2.2 Monopole strings in 5d supergravities
As we reviewed in the previous subsection, 5d supergravity theories contain magnetic
monopole strings. Here we would like to study their basic properties. Monopole
strings are two-dimensional magnetic sources for the low-energy Abelian gauge fields
on the Coulomb branch. In particular, we shall consider 1/2 BPS monopole string
configurations preserving 4 chiral supercharges in the 2d worldsheet.
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The monopole string with magnetic charge qI can be introduced by a delta
function source in the Bianchi identity of the gauge field strength F I = dAI as,
dF I = qI
4∏
µ=2
δ(xµ)dxµ . (2.15)
We assume here that the monopole source is located at the origin x2,3,4 = 0 on the
transverse R3. Completeness of charged string spectrum in a gravitational theory
ensures existence of such monopole string states as long as Dirac quantization condi-
tion is obeyed [16, 17] and the string tension is positive. In the following discussions,
we shall focus on single BPS monopole string states for a given primitive magnetic
charge qI . The question of existence of such string states will be discussed later.
The string source supports a microscopic 2d theory that flows in the IR to a 2d
N = (0, 4) SCFT. The worldsheet SCFT involves chiral degrees of freedom coming
from zero modes of the charged fields in the bulk gauge theory on the string back-
ground. The 2d chiral fields charged under the bulk symmetry develop non-trivial
anomalies for the symmetries. The anomaly arising from the worldsheet degrees of
freedom must be cancelled by an other source since otherwise, the monopole string
configuration in the 5d supergravity will be inconsistent by the quantum anomaly
along the string worldsheet.
The anomaly cancellation can be achieved by the anomaly inflow mechanism
from the bulk gravity theory toward the string source. The anomaly inflow in the
presence of BPS monopole strings in 5d supersymmetric theories was studied in [18–
20] (See also [3, 4, 21–25] for anomaly inflow of BPS strings in other dimensions). We
shall generalize these earlier studies and compute the anomaly inflow in the presence
of the string sources in 5d supergravities. Using the result we will then compute
gravitational and ’t Hooft anomalies as well as central charges of the 2d SCFTs on
monopole strings.
Let us first compute the anomaly inflow induced from the bulk Chern-Simons
terms. The Chern-Simons terms in the bulk effective action is no longer invariant
under the symmetry transformations when monopole strings are introduced.
When the string source with magnetic charge qI in (2.15) is inserted, the cubic
Chern-Simons term transforms under the local gauge transformation δAI = dΛI as
[18],
δΛScs =
∫
M5
(
−1
2
CIJKdΛ
I ∧ F J ∧ FK
)
= CIJK
∫
M5
ΛIF J ∧ dFK
= CIJKq
K
∫
M2
ΛIF J . (2.16)
We here used the modified Bianchi identity in (2.15) for the second line. Thus the
gauge variation does not vanish for general charge and Chern-Simons level. This non-
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vanishing gauge anomaly is the gauge anomaly inflow induced along the 2d string
worldsheet.
The gravitational anomaly inflow computation for the local Lorentz transforma-
tion is more involved. In particular both the cubic and the linear Chern-Simons terms
contribute to the gravitational anomaly inflow. To compute these contributions, we
first solve the Bianchi identity in (2.15) of a string source by using the magnetic flux
of the smoothed form [20, 26]
F I = −1
2
qIdρ ∧ e(0)1 , (2.17)
where ρ(r) is a smooth function of the radial direction r, with ρ(0) = −1 and ρ(r) = 0
for sufficiently large r, and e
(0)
1 is the 1-form in the descent relations de
(0)
1 = e2, δe
(0)
1 =
de
(1)
0 for the global angular form e2 of the 2-sphere surrounding the monopole string.
This smooths out the string source as
dF I = qId(ρe2/2) . (2.18)
In this case, the gauge field for the magnetic flux transforms under diffeomorphisms
as δAI = −1
2
qId(ρe
(1)
0 ). The following integrals for the 2-form e2 on the 2-sphere
bundle over the string worldvolume will prove to be useful for later discussion:∫
S2
e2 = 2 ,
∫
S(M2)
e
(1)
0 e2 ∧ e2 = 2
∫
M2
p
(1)
1 (N) , (2.19)
where p
(1)
1 (N) is the 2-form in the descent relation, dp
(0)
1 (N) = p1(N) and δp
(0)
1 (N) =
dp
(1)
1 (N), of the first Pontryagin class p1(N) of the SU(2)R normal bundle for the
transverse R3 directions.
We now consider the local Lorentz transformation of the effective action on the
background magnetic flux. One can compute the variation of both the cubic and the
linear Chern-Simons terms under the local Lorentz transformation as [20, 26]
δgScs =
1
48
CIJKq
IqJqK
∫
M5
d(ρe
(1)
0 )e
2
2 +
1
96
CIq
I
∫
M5
e2 ∧ δp(0)1 (T5)
= − 1
24
CIJKq
IqJqK
∫
M2
p
(1)
1 (N)−
1
48
CIq
I
∫
M2
p
(1)
1 (T5) , (2.20)
where p1(T5) is the first Pontryagin class of the tangent bundle T5 of the 5d spacetime.
This non-vanishing variation of the bulk action is the gravitational anomaly inflow
toward the monopole string.
The anomaly inflow for the gauge and the Lorentz transformations must be can-
celled by the anomalies developed by the worldsheet degrees of freedom living on the
monopole strings. This fact allows us to compute the quantum anomaly of the 2d
CFT on the string worldsheet from the anomaly inflow that we just computed. Col-
lecting the above results, we conclude that the 2d SCFT on the monopole string with
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magnetic charge qI must have gauge and gravitational anomalies that are encoded
in the 4-form anomaly polynomial of the form,
I4 = −I inflow4 (2.21)
= −1
2
CIJKq
IF JFK +
1
24
CIJKq
IqJqKp1(N) +
1
48
CIq
Ip1(T5)
= −1
2
CIJKq
IF JFK − 1
6
(
CIJKq
IqJqK +
1
2
CIq
I
)
c2(R) +
1
48
CIq
Ip1(T2) ,
where I inflow4 is the anomaly inflow whose variation is related to the variation of the
bulk action I
(1)
2 = δS5d via the descent relations I
inflow
4 = dI3, δI3 = dI
(1)
2 . For the
last line we used the relations of characteristic classes p1(T5) = p1(T2)− 4c2(R) and
p1(N) = −4c2(R), where p1(T2) is the first Pontrygin class of the tangent bundle
T2 of the 2d worldsheet and c2(R) is the second Chern class of the SU(2)R Lorentz
group transverse to the 2d worldsheet.
The anomaly polynomial I4 of a 2d CFT encodes the left- and the right-moving
central charges and the levels of the Kac-Moody current algebra coupled to the bulk
gauge symmetry G. The relative central charge cR − cL can be read off from the
coefficient of the gravitationaly anomaly term − 1
24
p1(T2) in I4. The right-moving
central charge is cR = 6kR where kR is ’t Hooft anomaly coefficient of the SU(2) R-
symmetry in the IR (0, 4) superconformal algebra. In order to compute the individual
left- and right-moving central charges of the IR CFT, we thus need to know the exact
value of kR, which demands us to identify the correct SU(2) R-symmetry in the IR
CFT.
Symmetry enhancement Naively, one expects that the SU(2)R symmetry would
reduce to the IR R-symmetry of the 2d CFTs on monopole strings because this is
the only SU(2) symmetry under which the supercharges are charged. However this
is not manifest in the cases when some accidental symmetry emerges in IR.
For example, as we will describe in the next section there are monopole strings
living on local 5d SCFTs which amount to M5-branes wrapping 4-cycles in local
CY3’s. Such strings become tensionless strings in the CFT limit of the local theory
when gravity decouples. The corresponding 4-cycles in a local CY3 can collapse to
zero size in the CFT limit. For those strings, the IR worldsheet CFT acquires an
accidental SU(2)I symmetry inherited from the SU(2)I R-symmetry of the local 5d
SCFT. This emergent SU(2)I symmetry, instead of SU(2)R, in the IR CFT becomes
the R-symmetry of the IR superconformal algebra. Therefore in this case the central
charges should be calculated with respect to the SU(2)I symmetry. These strings
can tell us physics of local 5d SCFTs. However since their low-energy physics is not
affected by bulk gravitational interactions, we cannot use them to explore consistency
of gravity theories. For this reason, we are not interested in these strings embedded
in local 5d SCFTs with accidental SU(2)I symmetry.
– 10 –
Also, the strings arising from 6d self-dual strings by S1 compactification have a
different R-symmetry in their worldsheet CFTs at low-energy. The SU(2)R × U(1)
symmetry, where the U(1) is for the KK momentum, in the worldsheet theory en-
hances to SU(2)r × SU(2)l in IR after decoupling the center-of-mass modes and the
SU(2)r, instead of SU(2)R, becomes the R-symmetry of the IR N = (0, 4) super-
conformal algebra in the interacting sector. Here SU(2)R is the diagonal subgroup
of SU(2)l × SU(2)r. The anomaly polynomial and the central charges of self-dual
strings in 6d supergravities are computed in [3] by using anomaly inflow mechanism
(See also [24, 25]). The anomaly polynomial of the 6d self-dual strings reduces to
that of 5d monopole strings given in (2.21) by identifying qI = QI and CI = −12aI ,
and also c2(l) = c2(r) = c2(R) from the relation SU(2)R ⊂ SU(2)r×SU(2)l under S1
reduction. From this, one can deduce that CIJKq
IqJqK = 0 and CIq
I = −12Q · a for
the 6d self-dual strings. In M-theory compactified on CY3, the 6d self-dual strings
correspond to M5-branes wrapped on elliptic surfaces equipped with elliptic fibration
structure which will further be discussed in Section 3.2. We note that when a 6d
theory is compactified on a circle with automorphism twists, the worldsheet theory
on a string that is affected by the twist do not have SU(2)l × SU(2)r symmetry en-
hancement since the Lorentz symmetry SU(2)l×SU(2)r is broken to SU(2)R×U(1)
by the twist. In this case, we expect that the SU(2)R will become the IR R-symmetry
of the worldsheet CFTs.
It may also be possible that the IR worldsheet CFT shows supersymmetry en-
hancement. For example, the worldsheet CFT on self-dual strings in the 6d SCFT
of O(−2) → P1 model is realized by a UV N = (0, 4) gauge theory [27, 28], but
this theory is expected to flow in the infrared to a CFT with enhanced N = (4, 4)
supersymmetry. Another interesting example of 2d CFTs showing supersymmetry
enhancement is the worldsheet theory on strings in the 9d supergravity theory con-
structed in M-theory on the Klein Bottle [29]. This worldsheet theory naively has
only N = (0, 8) supersymmetry, but the IR SUSY turns out to get enhanced to
N = (8, 8) [30].
Similarly, the N = (0, 4) supersymmetry on monopole strings in 5d supergravity
can also enhance to a larger SUSY in the infrared CFT. Let us first discussN = (4, 4)
SUSY enhancement. In this case the enhanced superconformal algebra must be the
small N = (4, 4). The large N = 4 algebra in 2d CFTs involves two SU(2) R-
symmetries in each chiral sector. However, when coupled to 5d gravity we cannot
have such two SU(2) R-symmetries. So the enhanced (4, 4) symmetry can only
be the small N = (4, 4) symmetry. The small N = 4 conformal algebra involves
a single (anti-)holomorphic SU(2) R-symmetry which may be identified with the
SU(2)R ⊂ SO(1, 4) Lorentz symmetry in the 5d theory. However, the small N =
(4, 4) conformal algebra involves two copies of N = 4 conformal algebra referred to
as the left-moving and right-moving sectors, and the SU(2) R-symmetries in those
two sectors are independent and distinct if the CFT is unitary and the vacuum
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is normalizable. We expect after removing the center-of-mass degrees of freedom
that the interacting sector in the IR CFT on a single monopole string which does
not degenerate to monopole strings in local SCFTs is unitary and has normalizable
vacua. Thus the small N = (4, 4) superconformal algebra cannot be realized in
the non-trivial CFTs on monopole strings unless there exists an accidental SU(2)
symmetry in IR2.
This argument however cannot rule out the possibility of N = (4, 4) SUSY
enhancement when the interacting sector in the IR CFT is trivial. It is possible
that the IR worldsheet CFT consists of only the center-of-mass degrees of freedom
so that the interacting CFT sector is trivial. The above argument does not hold
for the center-of-mass sector due to the non-compact free bosons parametrizing the
transverse motion of the string. The worldsheet theory can flow in the infrared
to a free theory consisting of the N = (4, 4) center-of-mass multiplet formed by
3 non-compact bosons Xµ=1,2,3 and a compact scalar φ and 4 chiral and anti-chiral
fermions λα± where α is the doublet index of SU(2)R. In this case, the IR R-symmetry
is identified with the SU(2)R symmetry, and the central charges are cL = cR = 6.
This implies that the N = (4, 4) SUSY enhancement can occur only if cR − cL = 0
and kR = 0, therefore only if CIJKq
IqJqK = CIq
I = 0.
The worldsheet theory can have a further enhancement to N = (8, 8) SUSY. In
this case, the worldsheet theory consists of a free (8, 8) center-of-mass multiplet and
the interacting sector in the IR CFT is again trivial. The central charges from the
free (8, 8) multiplet are cL = cR = 12. Thus, this string has CIJKq
IqJqK = CIq
I = 0.
This string lives in the 5d supergravity theory with 32 supercharges. This string
amounts to a M5-brane wrapping an Abelian surface with irregularity q = 2 in
M-theory compactification.
Lastly, the worldsheet SUSY can enhance to N = (0, 8) supersymmetry. The
strings coupled to 5d bulk gravity with such enhancement are those in the 5d su-
pergravity theories with 16 supercharges. It was conjectured in [4] that such strings
have central charges cL = 24 and cR = 12 coming from only the (0, 8) center-of-mass
modes. This indicates that the N = (0, 8) enhancement can occur in the worldsheet
theory only when CIJKq
IqJqK = 0 and CIq
I = 24. An M5-brane wrapping a K3
surface of Table 1 leads to such a monopole string with (0, 8) supersymmetry.
2If a 5d monopole string comes from a 6d self-dual string on S1 without twist, the worldsheet
theory can flow to a non-trivial SCFT with (4, 4) SUSY enhancement. This is because in this case
the symmetry SO(3)R for the transverse R3 rotation enhances to SU(2)l × SU(2)r in IR, and the
SU(2)l and SU(2)r can become the left-moving and the right-moving R-symmetries, respectively,
of the (4, 4) superconformal algebra. We expect that the 6d supergravity strings studied in [3]
with Q · a = 0 have a N = (4, 4) SUSY enhancement on a non-trivial interacting sector. When
geometrically realized, such 6d strings have the same number of left-moving bosons and fermions,
NBL = N
F
L = 4(g+ 1) when the pull-back Ĉ wrapped by dual M5 brane is a trivial fibration C ×E,
where E is an elliptic curve and g is the genus of the curve of the string in the base. This is
consistent with (4, 4) SUSY (or (8,8) SUSY when g = 1) enhancement.
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Central charges In this paper we will focus on magnetic monopole strings whose
worldsheet CFTs exhibit no symmetry enhancement. Such strings have the SU(2)R
as the R-symmetry of (0, 4) superconformal algebra in the IR CFT. The definition
and some important properties of these special strings will be introduced in the
following subsection.
For such a string, the precise central charges can be computed by combining
anomaly coefficients in (2.21). The worldsheet theory for string charge qI has the
central charges as
cL = CIJKq
IqJqK + CIq
I , cR = CIJKq
IqJqK +
1
2
CIq
I . (2.22)
So the central charges are fully determined by the Chern-Simons levels CIJK and CI
as well as the string charge qI . We remark that since the ’t Hooft anomaly coefficient
kR for the SU(2)R is quantized to be an integer, the right-moving central charge is
also quantized as cR ∈ 6Z. As we will see later, this provides a strong constraint on
the Chern-Simons levels in the effective supergravity action.
These central charges involve the contributions from the center-of-mass degrees of
freedom. The center-of-mass modes consist of four bosons (X+αβ, φ) and four fermions
λα+ in the right-moving sector and three bosons X
−
αβ in the left-moving sector [19].
They form a free hypermultiplet of N = (0, 4) supersymmetry. Their contribution
to the central charges can be easily read off from the free field content as
ccomL = 3 , c
com
R = 6 . (2.23)
The center-of-mass modes decouple from the interacting CFT in IR.
Therefore, the central charges (cˆL, cˆR) of the interacting SCFT on a single string
with magnetic charge qI are given by
cˆL ≡ cL − ccomL = CIJKqIqJqK + CIqI − 3 ,
cˆR ≡ cR − ccomR = CIJKqIqJqK +
1
2
CIq
I − 6 . (2.24)
The worldsheet theory can carry the current algebras for the bulk gauge sym-
metry. The ’t Hooft anomaly kIJ of the current algebra can also be extracted from
the anomaly polynomial as
kIJ = CIJKq
K , (2.25)
for the mixed anomaly between two Abelian currents J I and JJ . In our convension,
the right- (or left-) moving charged fields add positive (or negative) contributions to
the anomaly coefficient kIJ .
As we discussed the bulk Abelian gauge symmetry can enhance to non-Abelian
symmetry, say Gi, at some special points of the Coulomb branch. In this case, the
string worldsheet theory can furnish a representation of the current algebra for the
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non-Abelian symmetry. The chiral fields realizing the current algebra yield ’t Hooft
anomaly, which can be read off from (2.21), of the form
− 1
4
kiTrF
2
i with ki = −hi,αqα , (2.26)
where Fi is the field strength of Gi and hi,α is the coefficient in the gauge coupling
hi for Gi in the bulk effective action. The ’t Hooft anomaly coefficient ki for the
non-Abelian symmetry is quantized as an integer number. The ki is related to the
level for the current algebra of the symmetry Gi. The level k current algebra of Gi
realized by right-movers (or left-movers) provides +k (or −k) contribution to the
anomaly coefficient ki.
As a simple example, let us consider the M-theory compactification on the quin-
tic Calabi-Yau 3-fold discussed in the next section. This engineers a 5d N = 1
supergravity theory with a single U(1) gauge symmetry at low energy. The effective
action is characterized by the cubic and the linear Chern-Simons levels given by
C000 = 5 and C0 = 50 . (2.27)
Now consider a monopole string with positive magnetic charge q for the U(1) gauge
symmetry. Using (2.22) and (2.25), one can easily compute the central charges of
the 2d CFT on the string,
cL = 5q
3 + 50q , cR = 5q
3 + 25q , (2.28)
and the ’t Hooft anomaly of the U(1) current,
kU(1) = 5q . (2.29)
This implies that the worldsheet theory has a U(1) current algebra with level 5q in
the right-moving sector.
2.3 Supergravity strings
We will now introduce a special class of monopole strings called supergravity strings.
The supergravity strings are 1/2 BPS objects that appear only in gravity theories and
not in local CFTs. In this section, we will make this distinction clear and investigate
consistency conditions on supergravity strings together with their implications for
5d supergravity theories. If the supergravity is geometrically engineered then these
strings can be understood as M5 branes wrapping semi-ample 4-cycles in the ge-
ometry. In particular, the distinction between supergravity strings and local strings
can be understood through the different properties that the 4-cycles need to satisfy.
We will also investigate these properties in detail which will lead us to a geometric
definition of supergravity strings studied in more detail in Section 3.1.
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The BPS states of the 5d supergravity are electrically charged particles and
the dual magnetically charged monopole strings. All BPS states are expected to
have non-negative masses and non-negative tensions on the Coulomb branch, which
essentially defines the Coulomb branch of the scalar vevs in the vector multiplets.
We first propose that the Coulomb branch C is the space of the scalar moduli φI
bounded by the set of hyperplanes where some BPS particle states become massless:
C = {φI , I = 1, · · · , r |m2(φI) ≥ 0} . (2.30)
Here m2(φI) ≥ 0 denotes that mass squared of all BPS particles are non-negative
at the point labelled by φI . We also conjecture that if all BPS particles have non-
negative mass squared, then the monopole string tensions are also non-negative at the
point. This follows from the fact that if the volumes of all 2-cycles are non-negative,
the volumes of 4-cycles are also non-negative in Calabi-Yau threefolds.
Definition: A 1/2 BPS magnetic monopole string on the Coulomb branch C in
a 5d supergravity theory defines a supergravity string if all supersymmetrically
compatible BPS particle states in the theory carry non-negative electric charge
e(Aµ) under the dual Abelian gauge field Aµ:
ei(Aµ) ≥ 0 , (2.31)
where i runs over all particles obeying the BPS mass formula |m| = ∑I eIφI .
The dual gauge field Aµ in this definition precisely means the Abelian gauge
field whose positive minimal magnetic charge is carried by the supergravity string
with tension T = ∂F > 0. We remark that the supergravity string here is defined
with respect to a particular pair of supercharges shared by the supergravity string
and the BPS particles taken into account in (2.31). For a given supergravity string
preserving these supercharges, the electric charge condition (2.31) holds for all BPS
particles preserving the same supercharges, but does not need to hold for anti-BPS
particles satisfying |m| = −∑I eIφI that preserve another set of supercharges. This
distinction between BPS and anti-BPS states allows one to clearly distinguish the
supergravity string from other strings. In the followings, BPS states we will use refer
to the states preserving this pair of supercharges.
We now claim that the supergravity strings exist only in supergravity theories,
while local theories such as 5d SCFTs cannot have any supergravity strings. This
property will enable us to explore some distinguished features of gravitational theories
by using the supergravity strings. We note that the BPS W-boson of U(1) ⊂ SU(2)
gauge symmetry in a local gauge theory, called E1 theory, in this convention has
negative charge −2 under the U(1) symmetry. Similarly, on the Coulomb branch
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the BPS W-bosons of a non-Abelian gauge group G carry electric gauge charges
ea = −(Kab) of the U(1)r ⊂ G gauge fields Abµ, where Kab is the Cartan matrix
of G with rank r. This implies that in local 5d gauge theories, the BPS monopole
strings with magnetic charge qa > 0 of the dual gauge fields Aaµ cannot satisfy
(2.31) and thus cannot be supergravity strings. More generally, we expect that
supergravity strings cannot reside in any local theories. This can be proven for the
cases admitting geometric constructions using geometric properties of special 4-cycles
related to supergravity strings as we will see in the next section.
Conjectures
1. Supergravity strings exist only in supergravity theories.
2. The worldsheet theory on a supergravity string with magnetic charge qI
flows to a (0, 4) SCFT with SU(2)R R-symmetry if CIJKq
IqJqK > 0.
The condition CIJKq
IqJqK > 0 for the second conjecture rules out emergence of
accidental symmetries in the worldsheet theories. For the strings with this condition,
the R-symmetry in the infrared worldsheet CFT will be the SU(2)R symmetry. We
are interested in only this type of supergravity strings in this paper.
As presented above, on the other hand, it is possible that the worldsheet theories
on monopole strings with CIJKq
IqJqK = 0 have the SUSY enhancements or come
from the strings in the 6d supergravity theories. The 6d supergravity strings were
already studied in [3] by employing the same idea we use in this paper. The monopole
strings hosting interacting CFTs with N = (4, 4) SUSY are also a part of the 6d
supergravity strings. The supergravity strings with N = (0, 8) SUSY were studied
in [4] and the strings with N = (8, 8) SUSY come from Type II strings compactified
on T 5.
Supergravity strings are magnetic sources for the gauge fields in a supergravity
theory and they should exist due to the completeness assumption for the spectrum in
the gravity theory [16, 17]. We will be assuming a stronger version of completeness
assumption because we will in addition assume that the corresponding states in the
spectrum are represented by BPS objects. This is obvious in geometry because any
semi-ample divisor D with D3 > 0, which is defined in the next section, is effective
and thus can be wrapped by an M5-brane. The wrapped M5-brane always leads to
a supergravity string in the 5d gravity theory.
We expect that the worldsheet degrees of freedom living on a supergravity string
satisfy unitary conditions. Basic unitary conditions are the following:
1. The central charges of the interacting 2d SCFT on a supergravity string with
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charge qI are given by (2.24) and they have to be non-negative
cˆL ≥ 0 , cˆR ≥ 0 . (2.32)
2. The right-moving central charge is quantized as
cR = CIJKq
IqJqK +
1
2
CIq
I ∈ 6Z . (2.33)
3. The tension of the supergravity string eq. (2.6) is always non-negative, i.e.
TI ≥ 0, on the Coulomb branch C.
From the condition (2.31) for supergravity strings, one can find an interesting
relation between supergravity strings and Coulomb branch in supergravity theories.
The condition (2.31) tells us that the positive scalar vev in the vector multiplet3 dual
to a supergravity string by itself without turning on other scalar vevs parametrizes a
direction of moduli space where all particle states have non-negative mass squared.
Therefore, this positive scalar vev necessarily lies within the Coulomb branch in the
supergravity theory. Conversely, one may be able to find associated supergravity
strings for any line on the Coulomb branch parametrized by a positive real number.
2.4 General supergravity conditions
In this subsection, we will discuss unitarity conditions on supergravity strings without
assuming geometric embeddings of the gravity theory.
We will also argue that some geometric conditions discussed in the next section
can be interpreted as physical constraints on supergravity strings.
Consider a BPS monopole string with magnetic charge qI in the 5d gravity theory
and suppose that this string is a supergravity string. Then the central charges cˆR and
cˆL in (2.24) for the 2d IR CFT should be non-negative. This is an obvious condition
for unitarity of the supergravity string.
More conditions can be found by using the ’t Hooft anomalies given in (2.25) and
in (2.26) for the Abelian and the non-Abelian symmetries, respectively. For this, let
us first clarify the relation between the ’t Hooft anomaly coefficients and the levels
of Kac-Moody current algebras of G in the 2d CFTs. For a non-Abelian group Gi,
the ’t Hooft anomaly coefficient ki given in (2.26) is required to be an integer by
quantization condition. The ’t Hooft anomaly receives positive contributions from
right-moving modes while receives negative contributions from left-moving modes.
Thus the level k current algebra adds +k or −k to the associated anomaly coefficient
according to its chirality. It then follows that a non-zero coefficient ki implies that
the 2d CFT contains at least a Kac-Moody current algebra for Gi with level k = |ki|
in the right-moving sector when ki > 0 or in the left-moving sector when ki < 0.
3This scalar vev can also be in a hypermultiplet if the dual gauge field is the graviphoton.
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The ’t Hooft anomalies for Abelian groups can mix each other. The anomaly
coefficient kIJ in (2.25) is a symmetric matrix and the eigenvalues are identified
with the levels of Abelian current algebras. The precise values of the levels are not
important in our discussions. However, the signature of the anomaly coefficient kIJ is
of some significance. It encodes the lower bounds on the number of representations of
Abelian current algebras in the left- or right-moving sector. If the anomaly coefficient
kIJ has signature (n+, n−), where n+ and n− denote the number of positive and
negative eigenvalues respectively, the worldsheet CFT necessarily involves at least n+
Abelian current algebras in the right-moving sector and n− Abelian current algebras
in the left-moving sector.
We shall now argue that the signatures of ’t Hooft anomaly coefficients in the 2d
CFT on a supergravity string are restricted. The current algebras of a worldsheet
CFT are realized by zero modes of the bulk fields on the magnetic monopole string
background. The right-movers come from the Goldstone modes of broken symmetry
generators including three position zero modes and a compact bosonic mode for
the broken U(1) gauge symmetry as well as their fermionic partners. On the other
hand the other charged matter fields coupled to the supergravity string leave only
fermionic zero modes that are left-movers on the worldsheet [20]. This means that
the current algebras of gauge groups, but a single Abelian group, necessarily sit in
the left-moving sector.
In the next section we define supergravity strings geometrically as M5-brane
states wrapping semi-ample divisors by definition 3.8. Note that a semi-ample di-
visor has a non-negative intersection with every divisor in the threefold. This im-
plies that a semi-ample divisor at the intersection with the gauge divisors for gauge
group G can provide only hypermultiplets charge under the gauge symmetry. These
hypermultiplets give fermionic zero modes in the left-moving sector on the string
background.
We can rephrase this as the following condition on the signatures of the ’t Hooft
anomaly coefficients of the gauge groups under which the string is charged:
sig(kIJ) = (1, r − 1) , (2.34)
for Abelian groups where r is the rank of Abelian groups, and
ki < 0 , (2.35)
for all non-Abelian groups. This condition on the ’t Hooft anomalies and thus on
the levels of current algebras is one of the special features of supergravity strings.
Moreover, this provides a field theory interpretation of the Hodge index theorem
A.32 for the signature of the intersection pairing of semi-ample divisors in geometry.
Note that one of sig(kIJ) for a supergravity string is always positive. This positive
level is the center-of-mass contribution. The corresponding U(1) current algebra is
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generated by the compact right-moving scalar field φ in theN = (0, 4) center-of-mass
free hypermultiplet. In the geometric setting, this current algebra is generated by the
divisor class itself for the monopole string [7]. After subtracting this center-of-mass
contribution, all other levels in the interacting worldsheet CFT are negative meaning
that the current algebras of gauge symmetries, but that of the SU(2)R symmetry,
are realized in the left-moving sector.
We remark here that the supergravity strings in the 6d supergravity theories
share the same property. As studied in [3], the worldsheet CFTs on 6d supergravity
strings contain only left-moving current algebras. This property was used to dis-
tinguish supergravity strings from the instanton strings in 6d local SCFTs or little
string theories.
A unitary realization of a current algebra contributes to the central charges in
the 2d CFT. The central charge contribution from an Abelian current algebra is
cU(1) = 1. For a non-Abelian current algebra of Gi at level k, the central charge
contribution is
cGi =
k · dimGi
k + h∨i
, (2.36)
where dimGi is the dimension and h
∨
i is the dual Coxeter number of group Gi.
Unitarity requires the level k to be positive definite. As discussed, all the current
algebras are sitting in the left-moving sector in the interacting CFTs on supergravity
strings. From this we find an inequality between the levels and the left-moving
central charge
n+
∑
i
cGi ≤ cˆL , (2.37)
where n is the number of Abelian gauge groups and Gi’s are the non-Abelian groups
whose current algebras are realized in the interacting CFT.
The unitary 2d (0, 4) CFT on a supergravity string must satisfy this inequality
together with the conditions cˆL, cˆR ≥ 0. If these conditions are violated by a super-
gravity string, then it means the string cannot host a unitary CFT that cancels the
anomaly inflow arising from the bulk 5d supergravity theory. As a result the super-
gravity string cannot consistently couple to the 5d supergravity. By the completeness
of string spectrum, the supergravity theory is therefore in the Swampland.
One can find more conditions on the supergravity strings from the properties
of black holes. For example, let us consider a cone of monopole strings given by a
linear combination of supergravity strings as D = ∑I nIqI with positive coefficients
nI . This defines a Ka¨hler cone of the low-energy theory. Choose now an arbitrary
string of D inside the Ka¨hler cone with positive coefficients nI > 0. Then the large
multiple of the chosen string, i.e. mD with m 1, is expected to form a black string
state with the entropy S ∝ √cˆL. At large m, the cubic terms in the cˆL scale as m3
and will dominate the other terms. The central charge of the black string should be
positive by unitarity. This immediately restricts the cubic term for any supergravity
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string to be positive semi-definite,
CIJKq
IqJqK ≥ 0 . (2.38)
In geometry such string mD at large m amounts to a very ample divisor.
Indeed, the wrapped M5-brane on a very ample divisor with large cL form a
black string [7].
3 M-theory on Calabi-Yau threefolds
In the previous section we studied general aspects of 5d N = 1 supergravity theories.
However, a large class of such supergravity theories can be engineered by compactifi-
cation of M-theory on compact Calabi-Yau threefolds (CY3’s) with SU(3) holonomy.
In M-theory compactification, the Coulomb branch of the moduli space in the 5d
theory is identified with the Ka¨hler moduli space of the CY 3-fold. The Ka¨hler mod-
uli space is parametrized by Ka¨hler parameters φI associated to an integral basis ωI
for H1,1(X) in a threefold X. The action and the matter content in the effective
five-dimensional theory are specified by topological data of the Ka¨hler moduli space.
Let us expand the three-form potential C3 in 11d supergravity in terms of the
basis two-form classes ωI of X as
C3 = A
I ∧ ωI , (3.1)
where AI = AIµdx
µ with I = 0, · · · , h1,1(X) − 1 are the 1-form vector fields along
the non-compact 5d spacetime. A particular linear combination of the 1-form fields
will become the graviphoton field in the gravity multiplet and the remaining nV =
h1,1(X)−1 vector fields will become the U(1) gauge fields in the vector multiplets in
the low-energy supergravity theory. The 11d supergravity action integrated on the
threefold X reduces to the effective action of the 5d supergravity up to four-derivative
terms written in terms of massless supermultiplets.
The reduction of the 11d Chern-Simons term on X leads to the 5d cubic Chern-
Simons term [31]:
SCS = −1
6
∫
M5×X
C3 ∧G4 ∧G4 = −1
6
CIJK
∫
M5
AI ∧ F J ∧ F J , (3.2)
where G4 = dC3 and F
I = dAI . In this expression, the triple intersection number
CIJK ≡
∫
X
ωI ∧ ωJ ∧ ωK , (3.3)
counts the intersection numbers of 4-cycles dual to ωI in X. This triple intersection
numbers naturally reduce to the cubic Chern-Simons coefficients CIJK in the 5d
effective action.
– 20 –
We can now write the Ka¨hler form J in this basis as
J =
∑
I
φIωI , I = 0, 1, · · · , h1,1(X)− 1 , (3.4)
where φI are the h1,1(X) = nv + 1 Ka¨hler moduli. Note that one of these moduli
controlling the overall volume of X becomes a scalar component in a hypermultiplet
and the other moduli are mapped to the scalar expectation values in the vector
multiplets in the low-energy theory. The total volume of X measured with respect
to J is then given by
F = 1
6
∫
X
J ∧ J ∧ J = 1
6
CIJKφ
IφJφK . (3.5)
We shall fix the value of this volume (so a hypermultiplet scalar) by a constraint
F = 1. The remaining scalars φI subject to this constraint form an nV dimensional
Ka¨hler moduli space in X. This Ka¨hler moduli space is identified with the Coulomb
branch of the moduli space in the 5d supergravity theory.
The metric on the Ka¨hler moduli space is geometrically defined as
GIJ =
1
2
∫
X
ωI ∧ ∗ωJ = −1
2
∂I∂J(logF)|F=1 , (3.6)
where the ∗ denotes the Hodge dual taken in the internal Calabi-Yau manifold. This
metric agrees with that of the supergravity theory given in (2.4) when we identify
the volume F of X with the prepotential in the 5d gravity theory.
The spectrum of charged objects under the 5d gauge symmetry originate from
M2/M5-branes in M-theory wrapped on 2/4-cycles in the 3-fold. The M2-brane has
a three-dimensional worldvolume carrying unit electric charge of the 3-form potential
C3. The worldvolume of M2-branes can wrap on holomorphic (and also effective) 2-
cycles in the internal 3-fold. The wrapped M2-branes give rise to electrically charged
BPS particles coupled to the vector fields AI for the 2-cycles in the 5d theory. In this
case, the mass of the BPS particle is proportional to the volume of the 2-cycle. So
the BPS particles coming from the wrapped M2-branes are massive at generic points
on the Ka¨hler moduli where all 2- and 4-cycles have finite volume. Thus they can be
integrated out and do not appear in the spectrum of the low-energy effective theory.
At certain special values of the Ka¨hler moduli φI , some 2-cycles (and also 4-
cycles) shrink to zero size and the 3-fold X becomes singular. The singularity with
vanishing cycles can support a non-Abelian gauge algebra G and the M2-branes
wrapping shrinking 2-cycles give rise to massless charged states in the 5d field the-
ory. In particular, the massless vector states can participate in the gauge symmetry
enhancement to the non-Abelian symmetry G supported along the singularity of the
3-fold.
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The M5-brane is a magnetically charged object with respect to the 3-form poten-
tial. The six-dimensional worldvolume of the M5-brane can wrap around holomor-
phic 4-cycles labelled by ωI in the internal threefold. The remaining two-dimensional
worldvolume stretches along the 5d non-compact spacetime. Thus the wrapped M5-
brane yields a magnetically charged monopole string of the Abelian gauge field AIµ
in the 5d supergravity theory.
The tension of the BPS monopole string is set by the volumes of 4-cycles in the
Calabi-Yau manifold. For the string with unit magnetic charge of AI , the volume of
a basic 4-cycle ωI , so the string tension, is given by
TI = ∂IF = 1
2
∫
X
ωI ∧ J ∧ J
=
1
2
CIJKφ
JφK . (3.7)
The string tension is always positive within the Ka¨hler cone of a smooth 3-fold X.
In the singular limit of X, as stated above, some 4-cycles can collapse to a point
or to a collection of 2-cycles. Then the M5-branes wrapping the set of collapsing
4-cycles become tensionless strings. The low-energy theory in the neighborhood of
the singular locus when gravity is decoupled reduces to a local 5d SCFT strongly
interacting with the tensionless strings [13, 32, 33]. However, we are not interested
such tensionless strings in local 5d SCFTs. In the following sections, we will focus
only on the wrapped M5-brane states over 4-cycles which never collapse to zero size
in the Ka¨hler moduli space of the Calabi-Yau threefold. These string states are
related to the supergravity strings as we will discuss now.
3.1 Supergravity strings from wrapped M5 branes
In Section 2.3 we defined a certain class of 5d monopole strings called supergravity
strings which appear only in supergravity theories. In fact the definition of super-
gravity strings was motivated by geometric considerations of monopole strings and
associated 4-cycles in Calabi-Yau geometry. In the case that the supegravity is geo-
metrically engineered through M-theory on a Calabi-Yau threefold, the BPS states
can be understood as M2- and M5-branes wrapping holomorphic 2- and 4-cycles
respectively. Therefore, the 5d monopole strings arise from M5-branes wrapping
4-cycles represented by effective divisor classes [D] ∈ Pic(X) ∼= H2(X,Z) of the
Calabi-Yau 3-fold X. The divisor class being effective means that it can be rep-
resented by an effective divisor D, i.e. D is a non-negative linear combination of
surfaces Di (possibly singular): D =
∑
i niDi (Definition A.1).
In order for a monopole string to be a supergravity string as defined in (2.31),
we require the electric charges of all BPS particles for the dual gauge field to be
non-negative. A BPS particle is the M2-brane wrapping a curve C and its electric
charge for the gauge field dual to a divisor class D is given by the intersection of C
and D. We thus claim that
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The monopole string wrapping an effective divisor D is a supergravity string
precisely when
D · C ≥ 0 for all curves C ⊂ X. (3.8)
The above condition on a divisor D is called nef in the algebraic geometry litera-
ture (Definition A.4). So our supergravity strings arise from M5-branes wrapping nef
and effective divisors. Assuming a conjecture which we will formulate and motivate
below, this is equivalent to just nef, or just semi-ample (Definition A.5).
The nef condition is closely related to the condition of a divisor being ample,
or equivalently that its cohomology class is a Ka¨hler class. Like nef divisors, ample
divisors are characterized by its intersections, but the condition is more complicated:
for D to be ample we require D3 > 0, D2 · S > 0 for all surfaces S ⊂ X, and
D ·C > 0 for all curves C ⊂ X. This is the Nakai-Moishezon criterion for ampleness
(Theorem A.16). In particular, from the point of view of divisors, the Ka¨hler cone
K(X) is generated by ample divisor classes.
As explained immediately after Theorem A.17, the closure of the Ka¨hler cone
K(X) is simply the nef cone spanned by the classes of nef divisors. Therefore, the
BPS states can be understood as M2-branes wrapping curves in the Mori cone M(X)
and the supergravity strings are the dual M5-branes wrapping surfaces in the dual
cone K(X).
The effectiveness of the divisor class that the M5-brane wraps is required in order
for it to be represented by a surface. However, the basic criterion of distinguishing
supergravity strings from other monopole strings wrapping surfaces is the condition
that the 4-cycle is nef.
Conjecture: any nef divisor is linearly equivalent to an effective divisor, and so
can be represented by a surface.
Assuming the conjecture, we only need the nef condition in order to get a super-
gravity string in the geometric setting. This conjecture is an open question of math-
ematics which has been discussed in the mathematics literature for several decades,
e.g. [34, 35].
However, we are making this conjecture based on considerations of physics,
specifically the completeness of spectrum hypothesis. But first, we explain a bit
more of the mathematical background, referring to the appendices for more com-
plete definitions, proofs, and references. Assuming that the divisor D is nef, we have
the following:
• If D3 > 0 we know that D is in fact big (Definition A.8) by Theorem A.21,
which implies that is linearly equivalent to an effective divisor (Corollary A.29).
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• If D3 = 0 but D2 6= 0, and c2(X) · D > 0 then by [35] we know that the divisor
is also linearly equivalent to an effective divisor.
• If we only require c2(X) · D > 0 then by [35] we know that there is a multiple
of the divisor mD that is linearly equivalent to an effective divisor for m 1.
Mathematically, there is no known proof that we can take m = 1 in the last case.
However, since mD is an effective nef divisor then an M5 brane wrapping it gives rise
to a supergravity string. In addition, by the completeness of spectrum hypothesis
we know that the charge lattice should include all minimal charge states for a given
state. Therefore this supports the claim that if mD gives rise to a supergravity string
then the class of D should too. This implies that D should be effective as well in
order to be represented by a physical surface.
Moreover, if we consider the cases where D3 = c2 · D = 0, by Section 2.2 we
expect that those cases are presenting supersymmetry enhancement of the monopole
string worldsheet. In particular, these divisors lead to (4,4) and (8,8) supersymmetry
enhancement. As we will see in the next section, (hyper-)elliptic and abelian surfaces
of this type can be understood as giving rise to exactly that amount of supersymmetry
respectively. Therefore, we expect that the divisors associated to D3 = c2 · D = 0
are also effective.
(Semi-)Ample divisors in a CY3 have several distinguished features. Let us
consider a subspace of the Ka¨hler moduli space parametrized solely by the Ka¨hler
parameter for a given ample divisor D. The volume of a 2-cycle C in X is determined
with respect to the Ka¨hler form J as vol(C) = J · C. On this subspace, the Ka¨hler
form can be written as J = φD with the positive Ka¨hler parameter φ for D. Then
the volume of a curve C is given by vol(C) = φD · C. Since the ample divisors
positively intersect any C in the Mori cone, the volume of every C in the Mori cone
is positive with the positive Ka¨hler parameter φ, i.e. vol(C) > 0 for all curves C ⊂
Mori cone. This implies that the 3-fold X is smooth with positive volume on this
subspace. Similarly, on a subspace of the Coulomb branch parametrized by a single
positive Ka¨hler parameter for a semi-ample divisor, the volume of every curve in the
3-fold is non-negative, thus vol(C) ≥ 0 for all curves C ⊂ Mori cone.
Remarks
1. If D is nef and effective, then it is semi-ample (Definition A.5), which implies
that the class of mD can be represented by a smooth surface for m  1 (see
Bertini’s Theorem A.14 and the remark immediately following). With our main
conjecture, we only need to assume D is nef.
2. It can be seen using the results in Appendix A.2 that the conjecture “nef
implies effective” is mathematically equivalent to the juxtaposition of the two
conjectures “nef implies semi-ample” and “semi-ample implies effective”. If
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the conjecture “nef implies effective” is true, then every nef divisor is nef and
effective, hence semi-ample (Theorem A.22). Furthermore, if a divisor is semi-
ample, then it is nef (Proposition A.15), hence semi-ample by the assumed
conjecture. The other direction of the equivalence is trivial. In particular, our
conjecture implies that the monopole strings which are supergravity strings are
precisely the ones which wrap semi-ample divisor classes.
3. The statement that all nef divisors are semi-ample was conjectured in [35].
In the meantime we would like to distinguish the supergravity strings from the
monopole strings in local theories from a geometric viewpoint. Local field theories
such as 5d SCFTs and 6d SCFTs on S1 can be engineered by M-theory compactified
on local non-compact Calabi-Yau 3-folds. We illustrate this with local P2. Let D be
P2, thought of as a divisor in the local threefold. Let C be a curve of degree d in this
P2. Then D · C = −3d. So D is not nef and the associated monopole string cannot
be a supergravity string, even after embedding our local geometry in a compact
geometry. On the other hand, (−D) · C = 3d > 0. This is precisely the condition
needed to get an SCFT! Returning to mathematical terminology, −D is nef, if we
understand nef on a noncompact threefold to be a condition on intersections with all
compact curves.4 But −D is not effective. Rather, it is anti-effective, meaning that
its negative is effective. So on local P2, we have an anti-effective nef divisor, which
guarantees that we have an SCFT.5
Recall that the geometries for local 5d (and also 6d) SCFTs are constructed by
gluing ruled or rational surfaces and their blowups [36, 37]. The monopole strings in
these theories are constructed from M5 branes wrapping those surfaces, but they are
not supergravity strings as the wrapped divisors are never nef. By simply changing
some signs in [36], we summarize the local case by saying that we get a 5d or 6d
SCFT when the local geometry supports an anti-effective nef divisor which includes
each of the glued surfaces in its support. Thus we claim that nef divisors exist only
in compact CY 3-folds. This supports our claim that supergravity strings exist only
in the 5d supergravity theories.
The supergravity strings are closely related to black strings (or MSW strings)
studied in [7, 38]. One can find a black string solution with a smooth horizon when
the corresponding M5-brane wraps on a very ample divisor with a large central charge
in the compact CY3 [7]. Theorem (A.24) tells us that a very ample divisor can be
constructed by considering a multiple of an ample divisor, i.e. 10D is very ample if
D is ample. In the black string solution, the attractor mechanism forces the Ka¨hler
4See the remark following Theorem A.17 for further discussion of this point.
5If we embed the divisor D = P2 inside a compact Calabi-Yau, then the anti-effective divisor
−D cannot be nef. To see this, take any curve C which meets D in a finite nonzero number of
points, for example the intersection of two general very ample divisors. Then (−D) · C < 0 and
consequently −D is not nef.
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class at the horizon to be the divisor class wrapped by the M5-brane giving rise to the
black string. Then the requirement for the volume of every 2-cycle near the horizon
to be positive restricts divisors forming black strings to be ample. So the black string
should come from a wrapped M5-brane over an ample divisor. Furthermore, for the
black hole solution being weakly curved, the ample divisor necessarily has large triple
intersection number, implying that the divisor for the black string solution has to
be very ample. This therefore means that a black string can always be written as
a positive linear combination of Ka¨hler cone K(X) generators which are semi-ample
divisors and thus is related to supergravity strings.
3.2 Geometric conditions
We can extrapolate several geometric conditions by considering the various properties
of semi-ample, ample and very ample divisors in a Calabi-Yau threefold. Ideally, our
supergravity strings would arise from wrapping smooth surfaces. Any very ample
divisor class has a smooth representative by Bertini’s Theorem (Theorem A.14), but
this is not necessarily the case for semi-ample or even ample divisors. An example
of an ample divisor class that does not have a smooth representative is given in
Appendix B.1. All we know is that some multiple of a semi-ample class has a smooth
representative. For ample divisor classes D, we can bound the multiple needed as
the class 5D has a smooth representative as observed before.
If a semi-ample divisor class can be represented by a smooth surface P , we can
say more. Using tools from algebraic geometry one can show that smooth semi-
ample divisors are minimal surfaces6 with Kodaira dimension κ ≥ 0, as shown in
Proposition A.27. If P is an ample divisor, or more generally if we have a divisor P
satisfying P 3 > 0 and P · C ≥ 0 for all curves C, then b1(P ) = 0 and κ = 2, also by
Proposition A.27.
A complete classification of minimal projective surfaces is provided in Table 1
in terms of κ. The first row of Table 1 represents surfaces with κ = −∞ which can
give monopole strings in local field theories, not relevant for our current study.
For this reason, we only consider surfaces with κ ≥ 0 in the rest of this section.
3.2.1 Computing the central charges cR, cL from geomerty
The central charges of the 2d SCFT on monopole strings in the 5d supergravity
are related to invariants of the associated surfaces. In particular, the degrees of
freedom contributing to the central charges come from the moduli of the surface
6These surfaces are shown to be minimal in Appendix A.2, meaning that they are not isomorphic
to the blow up of any other smooth surface.
7Consider an elliptic threefold with a section and a curve C in base of the fibration wrapped by
a D3 brane. The M/F-theory duality implies that the pull-back Ĉ is wrapped by an M5 brane but
such an elliptic surface always has a section. Therefore, an elliptic surface with no section does not
correspond to a 6d string.
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κ Ka¨hler surfaces S Type
−∞ P2, ruled surface Fgn Local Theories
0 K3 (0,8) susy enhancement.
0 Enriques surface 5d supergravity string
0 hyperelliptic surface (4,4) susy enhancement
0 abelian surface (8,8) susy enhancement.
1 minimal elliptic surface 6d supergravity string on a circle
when it has a section (5d otherwise)7.
2 minimal surface of general type 5d (0,4) supergravity string when b1 = 0
Table 1. The first column is the Kodaira dimension κ of the surface S. The second column
presents the Enriques-Kodaira classification of minimal Ka¨hler surfaces. The third column
describes the surfaces of the second column that could be 5d supergravity strings as defined
in section 2.3.
P , the two-form tensor fields and fermions on the worldvolume of the M5-branes
on P . The computation of the central charges cR, cL, which we will review here,
was done originally by [7], assuming very ampleness of the divisor P . However, the
same arguments hold for an ample smooth divisor which we will assume for the next
computation. Here P is a 4-cycle and its cohomology class is [P ] ∈ H2(X,Z), which
we will also write as P for simplicity. In particular, P can be expressed with respect
to a basis ωI of H
2(X,Z) and charges qI ≥ 0 as P = ∑ qIωI , meaning that the
divisor is effective.
The left-moving central charge cL has no contributions coming from fermion zero
modes since b1(P ) = 0 by (A.31)
8 and the contributions from the bosonic degrees
of freedom in terms of P 3 : H2(X,Z) → Z and c2(X) ∈ H4(X,Z) the second chern
class of the threefold X, are the mp =
1
3
P 3 + 1
6
c2(X) · P − 2 real moduli of P and
the b−2 =
2
3
P 3 + 5
6
c2(X) · P − 1 dimensional space of anti-self dual two-forms on P .
Therefore,
cL = mp + b
−
2 + 3 , (3.9)
where the last contribution represents the 3 translation zero modes. Similarly, the
bosonic contribution to cR is given by the moduli mp and the b
+
2 =
1
3
P 3+ 1
6
c2(X)·P−1
dimensional space of self-dual two-forms on P , together with the 3 translational zero
modes. In addition, cR also has fp =
1
3
P 3 + 1
6
c2(X) · P fermion contributions as
required by supersymmetry which come from (0, 2) forms on P . Hence,
cR = mp + b
+
2 + 3 + fp (3.10)
The cL, cR central charges can be expressed in terms of P as
cL = P
3 + c2 · P and cR = P 3 + 1
2
c2(X) · P , (3.11)
8Assuming the Calabi-Yau threefold has an SU(3) holonomy.
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In particular, one can note that the right-moving central charge cR is mapped to
the geometric genus pg = h
2,0(P ) of the divisor P . This can by seen by considering
the holomorphic Euler characteristic χ(OP ) which by Theorem A.18 is given by
χ(OP ) = 1
6
P 3 +
1
12
P · c2(X) = pg + 1 =⇒ cR = 6(pg + 1) ,
(3.12)
Note that we used the fact that χ(OP ) = pa+1 = pg−q+1 where pa is the arithmetic
genus of P and that the irregularity q = h1,0(P ) = 0, as we saw previously by (A.31).
The left-moving central charge cL including the center-of-mass contribution can be
understood as the topological Euler characteristic χ(P ):
χ(P ) = cL = P
3 + P · c2(X) . (3.13)
In the case of semi-ample divisors with P 3 = 0 inside a Calabi-Yau threefold,
technically the irregularity q = h1,0(P ) might not be zero.
The cases of surfaces with a non-zero irregularity either lead to SUSY enhance-
ment of the 2d worldsheet CFT or describe 6d supergravity strings.
Claim 3.1 Any surface with q > 0 corresponds either to a string of a 6d supergravity
compactified on a circle or susy enhancement of the worldsheet CFT with the excep-
tion of κ = 1 surfaces without a section 9. In particular, smooth Ka¨hler irregular
surfaces fall in the following classes:
• κ = 0 hyperelliptic surfaces: which have q = 1, c2 · P = 0 with cR = cL = 6.
This surface gives rise to N = (4, 4) supersymmetry enhancement.
• κ = 0 abelian surfaces: which have q = 2, c2 · P = 0 with cR = cL = 12. This
surface gives rise to N = (8, 8) supersymmetry enhancement.
• κ = 1 elliptic surfaces (with a section) over genus g > 0 curves: which have
q = g 10, c2 · P ≥ 0 with cR = 6g + 12c2 · P, cL = 6g + c2 · P . These surfaces
give rise to 6d supergravity strings [3] on circle.
The central charge of the first two surfaces can be computed to be cR = cL = 6q
by similar methods as we did in Section 3.2.1 but with h1,0(P ) 6= 0. They both have
9As described previously this class of surfaces does not describe 6d strings but they can be
irregular with q 6= 0. In particular, consider the bundle L isomorphic to the Hodge bundle (whose
fiber over p ∈ C is the 1-dimensional vector space of holomorphic 1-forms on the elliptic fiber
Ep over p). The Hodge bundle is trivial if and only if you can find (globally over C) a family of
nonvanishing holomorphic 1-forms on the fibers Ep which varies holomorphically in p. In the case
that it is trivial q = g + 1, otherwise q = g [39].
10When the surface is a trivial fibration of the form C×E for C a genus g curve and E an elliptic
curve, q = g + 1 and hence cR = 6(g + 1), cL = 6(g + 1) since c2 · (C × E) = 0.
– 28 –
the same number of left-moving bosons and fermions, NBL = N
F
L = 4q where the left-
moving fermions are induced by the non-zero h1,0(P ) = q [7]. This is compatible with
(4,4) and (8,8) supersymmetry enhancements of the worldsheet CFT. However, the
last case of surfaces gives rise to 6d supergravity strings on a circle. This is because
by [35, 40] we know that the existence of κ = 1 elliptic surfaces with c2 ·P ≥ 0 inside
a Calabi-Yau threefold means that the threefold always has an elliptic fiber structure.
Since the threefold is elliptic we can invoke the M-theory/F-theory duality and realize
the string coming from M5-brane wrapping the elliptic surface over genus g curve
C as a D3-brane wrapping the curve C. As was discussed in [41, 42] the central
charges for these surfaces can be computed as in Section 3.2.1 with non-vanishing
h1,0 with the addition of an emergent SU(2)R flavor symmetry in the IR. Therefore,
the central charges will be the same as in the formula (3.11) as expected.
An important note is that the geometric genus pg of the surface P is an integer
number which is in accordance with the quantization condition of cR ∈ 6Z as seen
in (3.12) .
The formulas for the cR, cL central charges match the one found from field theo-
ries in (2.22), which are given by a combination of the cubic and linear Chern-Simons
terms evaluated on the charge qI string. These Chern-Simons terms are the Chern
classes of the divisor P which can be express in terms of a bases ωI of H
2(X,Z) and
charges qI as P =
∑
qIωI :
P 3 ≡
∫
P
c21(P ) = CIJKq
IqJqK , P · c2(X) ≡
∫
P
c2(X) = CIq
I . (3.14)
Until now we only considered smooth divisors, but there is no reason to assume
that the divisor is smooth and in fact there is no simple algebraic criterion to deter-
mine smoothness. However, even though the geometric procedure of computing the
central charges of Section 3.2.1 is no longer well-defined, we can still compute the
central charge from physics as we did in Section 2 through anomaly inflows. This
procedure shows that the central charges are still given by (2.22) and hence by the
equation (3.14), so they can still be expressed geometrically as (3.11). Unfortunately,
there is no classification for singular Ka¨hler surfaces as we saw for smooth ones in
Table 1. However, if we have a singular nef surface P then it is also semi-ample as we
saw previously and hence some multiple mP for m ≥ 0 is smooth. Therefore, mP is
smooth and semi-ample and hence is one of the smooth surfaces described in Table
1. For example, consider mP to be a smooth K3 surface for m > 1. In that case we
have that (mP )3 = 0, hence P 3 = 0. From eq. (3.12 ) we can see that 2P 3 + c2 · P
is a multiple of 12, we conclude that c2 · P ∈ 12Z since P 3 = 0. We also know that
c2 ·mP = 24 for K3 , and therefore we conclude that m = 2. Similarly, we note that
mP cannot be a smooth Enriques because in that case c2 ·mP = 12, hence m = 1.
But we assumed that P is not smooth.
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3.3 Conditions on 4-cycles and strings
In this section, we will analyze the geometric condition that arise by considering
semi-ample, ample or very ample divisors in a compact threefold together with their
implications as Swampland conditions for the associated supergravity theory. In
particular, we will relate the conditions on the divisors of supergravity strings with
the constraints on the gauge group and the matter content in the bulk supergravity
theory. Interestingly, some of the geometric conditions can be interpreted as unitarity
constraints on 2d worldsheet CFTs of supergravity strings.
3.3.1 Geometric conditions on the supergravity strings
The various properties that the divisors will need to satisfy will lead us to various
consistency conditions for the supergravity when geometrically engineered. Some of
the conditions which we will discuss below can also be derived from a field theory
analysis of the 5d supegravity theory, and some are new ingredients that do not
have obvious origin in the physics. Supergravity strings amount to semi-ample (or,
equivalently, nef) divisors in a Calabi-Yau threefold.
As we have discussed above, a smooth semi-ample divisor is a minimal surface
with Kodaira dimension κ ≥ 0 (See Table 1). Some bounds on the invariants of these
minimal surfaces are listed in Table 2. These bounds are discussed in some detail in
appendix A. We conjecture that these bounds hold for singular semi-ample divisors
as well.
1. P 3 ≥ 0, in particular
{
P 3 = 0 for κ = 0, 1
P 3 > 0 for κ = 2
2. P · c2(X) ≥ 0, (Theorem A.28) (with strict inequality if ample)
and P · c2(X) ∈ 2Z (Theorem A.18).
3. 4P 3 − P · c2(X) + C ≥ 0 with C =
{
36 P 3 even
30 P 3 odd
for smooth surfaces with κ = 0, 2 (Theorem A.33)
4. h1,1(X) ≤ P 3 + P · c2(X)− 2 for P smooth and ample (Theorem A.34)
5. N−2 ≤ 16(4P 3 + 5P · c2(X))− 1 for P big and nef (Theorem A.35)
Here, N−2 denotes the number of rational (−2) curves on P .
Table 2. Conditions that the surface P needs to satisfy depending on its general properties.
In the first inequality, P 3 ≥ 0 follows from Theorem A.17 while the subcases
follow from Proposition A.27. The first two inequalities imply that the supergravity
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strings arising from M-theory on a threefold X have non-negative cubic and lin-
ear Chern-Simons terms found in eq.(3.14). The fourth bound can be rewritten as
h1,1(X) ≤ cL − 2 and it will precisely match the constraint on the rank of the gauge
group of the low-energy 5d theory coming from a constraint on the unitary 2d CFTs
living on supergravity strings. The fifth bound, as we will see in the next section,
will turn out to be very useful in constraining the rank of the non-Abelian gauge
groups in the low-energy theory engineered by geometry. This inequality does not
seem to have an obvious origin from physics.
Another important property is given by the Hodge index theorem (Theorem A.32).
This theorem tells us that on any smooth divisor P , the intersection product on
H2(P ) has signature (1, h1,1(P ) − 1). This mathematical theorem is interpreted in
physics as the condition (2.34) on the signature of levels of the current algebras in
the worldsheet CFT on the supergravity string.
Lastly, there exists an interesting inequality on the Hodge numbers of a Calabi-
Yau threefold X:
−36P 3 − 80 ≤ c3(X)
2
= h1,1(X)− h2,1(X) ≤ 6P 3 + 40 for P very ample (3.15)
Moreover, the inequality can be sharpened by replacing the left hand side by
−80, −180 and the right hand side by 28, 54 when P 3 = 1, 3 respectively. The proof
of this inequality can be found in [43].
In particular, this inequality does not seem to have an obvious origin from physics
but it provides a strong bound on the dimension of the Higgs branch, therefore on
the representations of matter hypermultiplets in the 5d effective theory.
Suppose for example that a threefold X leads to an effective theory with gauge
group G, and this theory can Higgs to another threefold X ′ with h1,1(X ′) = 1. The
gauge group G of the original theory will be broken to U(1) under this Higgsing.
The charged hypermultiplets in the original theory parametrize the Higgs branch of
the moduli space [44] which is a subspace of the complex moduli parametrized by
cohomology classes in h2,1(X ′). This implies the relation∑
i
dim(Ri)− dim(G) + 1 ≤ h2,1(X ′) , (3.16)
where i runs over all hypermultiplets and dim(Ri) is the dimension of the representa-
tion Ri of the i-th hypermultiplet. The resulting 3-fold X
′ has a single Ka¨hler class
represented by an ample divisor P . According to (A.24), the divisor classes nP are
very ample when n ≥ 10. Using the inequality (3.15) for h2,1(X ′), we find a bound
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on the representations of charged hypermultiplets in the original theory of the 3-fold
X: ∑
i
dim(Ri)− dim(G) ≤ 36n3P 3 + 80, where P is ample and n ≥ 10 . (3.17)
4 Constraints on supergravity theories
In this section, we will constrain 5d supergravity theories by using the geometric
conditions on semi-ample divisors and the unitary conditions on worldsheet CFTs of
supergravity strings presented in the previous sections.
4.1 U(1)×G theories
The first example is the supergravity theory with U(1) × G gauge group where G
is a product of non-Abelian groups G =
∏
iGi. Without loss of generality, we
can choose a basis for the U(1) divisor H such that both its triple intersection and
Ka¨hler parameter φ0 are positive. In addition the gauge couplings hi for non-Abelian
symmetries are required to be positive. The effective theory in this basis has
H3 = C000 > 0 , φ
0 > 0 and hi = hi,0φ
0 > 0 for all Gi . (4.1)
The perturbative hypermultiplets carrying the U(1) charge have masses propor-
tional to φ0 and integrating them out leads to shifts in the Chern-Simons levels.
We assume that all such U(1) hypermultiplets are already integrated out. Then the
remaining perturbative states are charged only under the non-Abelian group.
There can also be non-perturbative states carrying the U(1) charge: for example,
the instanton particles of the non-Abelian gauge group G. When the Coulomb branch
parameters for G are small enough compared to hi, the BPS instanton state has mass
proportional to the gauge coupling, |minst| = hi up to a constant factor. This implies
that all the BPS particles carrying non-zero U(1) charges have positive electric charge
under the U(1) gauge symmetry. The divisor H is the dual to this U(1) gauge
symmetry. Therefore the magnetic monopole string with positive charge q on this
divisor H is a supergravity string and the divisor H is thus semi-ample. This should
be true even if the supergravity theory is not geometrically realized. Since the string
on H is a supergravity string, we can analyze consistency of this string by using the
conditions presented in the previous sections and can examine if the bulk gravity
theory with the string is consistent or not.
The worldsheet theory on the monopole string of the divisor H should be a
N = (0, 4) CFT. Since the H positively intersects the gauge divisors, the worldsheet
theory should contain unitary representations of current algebras for G. We find that
the CFT on a single string with unit magnetic charge q = 1 contains the current
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algebras for the bulk gauge group Gi at level ki = hi,0. Then the unitary condition
in (2.37) puts a bound on the total rank of the non-Abelian gauge group as∑
i
cGi =
∑
i
ki · dimGi
ki + h∨i
≤ cˆL →
∑
i
ri ≤ C000 + C0 − 3 , (4.2)
where ri = rank(Gi). Here we have used the fact that cGi takes the minimum value
ri when ki = 1. In particular, this shows that the rank of the non-Abelian gauge
group G in the bulk 5d supergravity theory is bounded from above by the Chern-
Simons coefficients C000 and C0. We remark that this bound generically holds for any
5d supergravity theory with gauge group U(1) × G regardless of whether it admits
geometric construction or not.
For example, suppose that a supergravity theory with U(1) × G gauge group
is Higgsed to a quintic threefold. The Higgsing does not change the Chern-Simons
coefficients C000 and C0. This implies that the Chern-Simons levels of the original
theory before being Higgsed are fixed to be those of the quintic hypersurface H, i.e.
C000 = H
3 = 5 and C0 = H · c2 = 50. From this, we find a strict bound on the rank
of the non-Abelian gauge group G ∑
i
ri ≤ 52 , (4.3)
in any supergravity theory with a single U(1) symmetry which Higgses to a quintic
threefold.
When the supergravity theory before being Higgsed has a geometric construction,
we can find a stronger bound by using the geometric bound in (A.35). Note that
the non-Abelian symmetry G can remain unbroken, when the Ka¨hler parameter φ0
is turned on, only if the U(1) divisor H and the gauge divisors Ei are glued along
rational (−2) curves in H and the fibers in Ei. Also H must be glued to all Ei divisors
in order that the low-energy theory has gauge couplings hi with proper signs. This
imposes a bound
∑
i ri ≤ N−2 on the rank of the non-Abelian group with respect to
the number of (−2) curves in H. Therefore, the bound (A.35) on N−2 tells us that∑
i
ri ≤ 2
3
H3 +
5
6
H · c2(X)− 1 = 44 . (4.4)
for supergravity theories admitting M-theory construction on Calabi-Yau 3-fold that
reduce to a quintic threefold after Higgsing.
In Appendix B, we present a number of concrete constructions of compact Calabi-
Yau threefolds that Higgs to a quintic threefold. These geometries engineer the
supergravity theories with gauge group U(1)×SU(2) or U(1)×SU(3). It is obvious
that the above bound (4.4) is consistent with these examples. One can check that
divisors contained in these geometries and the corresponding monopole strings satisfy
all the conditions we listed in the previous sections.
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The first example is for the supergravity theory with U(1)×SU(2) gauge group
coupled to Nf = 9 SU(2) fundamental hypermultiplets. The threefold consists of
two divisor classes H, the proper transform of the hyperplane class of the quintic,
and E, the exceptional divisor of the blowup. The triple intersections of H and E
classes are given in (B.14). Two divisors are glued along a (−2) curve in H and
the fiber class r in E. In this example, the Ka¨her cone is generated by H itself and
H − E. The supergravity strings are then the M5-branes wrapping any 4-cycles D
which can be written as
D = mH + n(H − E) , m, n ≥ 0 . (4.5)
The central charges of the supergravity strings are
cˆL = m(5m
2 + 15mn+ 9n2) + 50m+ 36n− 3 ,
cˆR = m(5m
2 + 15mn+ 9n2) + 25m+ 18n− 6 . (4.6)
One can easily see that the central charges are positive and cˆR ∈ 6Z for the non-
trivial supergravity strings as expected. On generic points of the Ka¨her moduli space,
the gauge symmetry is broken to U(1)×U(1). We checked that the signature of the
levels of U(1)×U(1) current algebras, which include the center-of-mass sector, in the
supergravity strings is always sig(kIJ) = (1, 1). This is consistent with the condition
(2.34) on the signature. This result is guaranteed by the Hodge index theorem A.32
for the semi-ample divisors in this geometry. All other geometric conditions are
surely satisfied.
When we turn on only the Ka¨hler parameter of the H class, then the SU(2)
gauge symmetry remains unbroken. In this case, the 2d CFT on the monopole string
of the H class carries a U(1) current algebra at level 5 in the right-moving sector and
a SU(2) current algebra at level 1 in the left-moving sector. The central charge of the
SU(2) current algebra in the worldsheet is cSU(2) = 1. So the inequality cSU(2) ≤ cˆL
in eqn. (2.37) is satisfied.
More examples of supergravity theories with U(1)× SU(2) gauge symmetry are
given in Appendix B.2.
The second example is the supergravity theory of U(1)×SU(3) gauge symmetry
with Nf = 11 fundamental hypermultiplets. The CY3 geometries for this theory are
constructed in Appendix B.3. Each threefold is labelled by an integer 0 ≤ n ≤ 3
and corresponds to the SU(3) gauge group at Chern-Simons level κ = −3
2
+ n.
The threefold consists of three surfaces, H,E1 and E2. The divisor H is the proper
transform of the hyperplane class of the quintic and E1 is a Hirzebruch surface F5+n
with 11 blowups11 and E2 is a Hirzebruch surface. Two (−2) curves in H are each
11Our construction exhibits this surface as an 11-fold blowup of F0 or F1 depending on the parity
of n, but by blowing down the half-fibers disjoint from the section where the two components are
glued, we get F5+n.
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glued to a fiber in E1 and another fiber in E2. Two surfaces E1 and E2 are glued
along the section e2 = −(n + 5) in E1 and a rational curve C2 = n + 3 in E2. The
triple intersections of three surfaces are given in eqn. (B.45).
Let us consider the case with n = 0. The Ka¨hler cone is generated by H,H−E1−
E2 and 2H−2E1−E2. The supergravity strings come from the M5-branes wrapping
linear combinations of these generators with non-negative integer coefficients. The
central charges (cˆL, cˆR) for these three generators are (52, 24), (33, 12) and (79, 42)
respectively. As expected since the (self-)triple intersections of the generators are
non-negative, all supergravity strings have positive central charges. We also checked
that the signature of the level of the current algebras is sig(kIJ) = (1, 2) for all three
generators which is in accordance with the condition (2.34).
The low-energy theory has the SU(3) gauge symmetry enhancement along the
Ka¨hler moduli space of the Ka¨hler parameter for H. The M5-brane wrapping the
divisor H gives rise to a monopole string hosting in the left-moving sector a level 1
current algebra for the SU(3) symmetry. The unitary condition cSU(3) ≤ cˆL for this
monopole string is therefore satisfied with cSU(3) = 2 and cˆL = 52.
4.2 Abelian gauge theories
Now consider a generic point on the Coulomb branch of the moduli space in a su-
pergravity theory engineered in M-theory on a CY3. The gauge symmetry G in the
5d supergravity is fully broken to its Cartan subgroup U(1)r+1. There are a set of
basis 4-cycles PI with I = 0, 1, · · · , r for the U(1)r+1 gauge group. We claim that the
holomorphic surfaces PI can always be chosen to be semi-ample divisors in the 3-fold.
In other words, all Abelian gauge groups in the low energy effective theory can be
represented by a set of r + 1 semi-ample divisors that are part of the Ka¨hler cone
generators. Since they are semi-ample, the corresponding strings are all supergravity
strings.
The effective Abelian theory is characterized by the triple intersections CIJK =∫
X
PI · PJ · PK and the second Chern classes CI =
∫
X
PI · c2(X). From the fact that
all PI are nef and semi-ample divisors, one finds that the triple intersections and the
second Chern classes are all non-negative. We propose
CIJK ≥ 0 , CI ≥ 0 for all I, J,K , (4.7)
from the properties of semi-ample divisors. The inequalities for CIII and CI are
obvious by the definition of semi-ample divisors. Also, CIIJ with I 6= J is the sum
of intersection numbers PI ·C between a semi-ample divisor PI and curves C at the
intersection PI ∩ PJ , which tells us that CIIJ ≥ 0. Similary, CIJK is the sum of
intersection numbers between the divisor PI and curves at the intersection PJ ∩ PK ,
and it needs to be non-negative for the semi-ample divisors.
In addition, the surfaces PI must satisfy the Hodge index theorem. For r = 1
cases, for instance, the Hodge index theorem or the relation (2.34) says that the
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signature of the levels kIJ with I, J = 0, 1 should be (1, 1) for the worldsheet CFT
on wrapped M5-brane over each PI . One can then deduce the following two con-
ditions on the triple intersections from the M5-branes wrapping once on P0 and P1
respectively :
C000C001 ≤ C2011 , C111C011 ≤ C2001 . (4.8)
4.3 Generic gauge theories
We will now turn to supergravity theories coupled to generic gauge groups. If these
theories can be geometrically engineered, then we can constrain them by using con-
ditions on divisors in the 3-fold as follows.
Let us consider a 3-fold X and the low-energy theory at a special submanifold
on the Ka¨hler moduli space of X where some Abelian symmetries enhance to non-
Abelian symmetries G =
∏
iGi. More precisely, we are interested in the effective
theory in the moduli space where all the Ka¨hler parameters φα for U(1) symmetries
are taken to be large, while the Ka¨hler parameters φi for some non-Abelian sym-
metries G are turned off. If the non-Abelian symmetry G in the low-energy theory
remains unbroken even after integrating out all matters charged under the Abelian
symmetries, then we say that M-theory compactified on X at low-energy is described
by the supergravity theory with gauge group G times multiple Abelian factors. We
shall now assume this and constrain such effective theories.
We first conjecture that all the 4-cycles Pα for Abelian gauge groups in X can
be chosen to be semi-ample divisors. So there exists a basis where all Pα’s for U(1)
gauge groups are semi-ample. In this basis we find the following conditions on the
Chern-Simons levels,
Cαβγ ≥ 0 , Cα ≥ 0 for all α, β, γ , (4.9)
where α, β, γ denote the indices for the Abelian gauge groups. These conditions
again follow from the fact that divisors Pα are semi-ample and they non-negatively
intersect all effective 2- and 4-cycles in X.
The requirement for the non-Abelian symmetry Gi unbroken imposes non-trivial
constraints on the intersection structure between the Abelian divisors Pα and non-
Abelian gauge divisors Ei. First, since we want to preserve the non-Abelian symme-
try G on the moduli space of the Ka¨hler parameter φα for Pα, the triple intersections
Cαβi necessarily vanish. Otherwise the corresponding Chern-Simons interaction (par-
tially) breaks the symmetry G. This condition Cαβi = 0 should be true even after we
turn on small Ka¨hler parameters φi for the non-Abelian gauge divisors Ei because
the massive states sitting in some representations of the non-Abelian symmetry that
is weakly broken by φi after integrated out cannot induce Chern-Simons terms with
coefficient Cαβi.
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Also the gauge couplings of the non-Abelian groups need to be positive. This
forces
hi,α ≥ 0 , (4.10)
for all i and α. From this, one can deduce more conditions on the Chern-Simons levels
when X is fully resolved. Let us turn on small Ka¨hler parameters φi for non-Abelian
gauge divisors Ei and assume φ
i  φα. The positivity of the gauge couplings (4.10)
is then translated into
Cαii ≤ 0 for all i , Cαij ≥ 0 for all i 6= j . (4.11)
5 Conclusion
In this paper, we have proposed conditions that allowed effective theories of quan-
tum gravity in five-dimensions must satisfy. The essential idea was to relate unitar-
ity of magnetic monopole strings that only appear in a gravitational theory to the
conditions on the topological data in the supergravity effective action. When the
low-energy theory is constructed in M-theory on compact Calabi-Yau 3-fold, such
strings are associated to special 4-cycles called semi-ample (or nef) divisors in the
3-fold. We have shown that algebraic conditions on these divisors put bounds on
the number of massless degrees of freedom in the gravity theory and constrain their
interactions in the effective action. For generic supergravity theories which may not
admit geometric construction, we obtained a weaker bound on the rank of the gauge
symmetry in the gravity theory.
We have seen that admissible 5d supergravity theories in M-theory compactifi-
cation are constrained by a series of necessary conditions for compact Calabi-Yau
3-folds and also those for algebraic surfaces theirof. Some of these conditions, for
example the Hodge index theorem for algebraic surfaces, were shown to be related to
the unitarity of strings in the supergravity theories. Other geometric conditions pre-
sented in this paper could also have physical interpretations, and studying them will
possibly provide us a deeper understanding for more general properties of quantum
gravity in 5d. We leave this for future work.
Semi-ample divisors in 3-folds and associated monopole strings have turned out
to play a central role in examining consistency of gravitational theories. Though
semi-ampleness is a well-defined concept in the intersection theory in mathematics,
it is a practically non-trivial task to correctly identify which divisor is (semi-)ample.
It is because of this that we need to know all the intersections of a divisor with every
2-cycle in the Mori cone, or equivalently we need to know charges of all BPS particles
in the gravity theory. There is currently no systematic approach for achieving this in
general 3-folds and supergravity theories. Nonetheless, we can systematically extract
topological data of 2d CFTs on monopole strings such as anomalies. Perhaps semi-
ampleness is fully encoded in such 2d CFT data so that we can precisely isolate
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supergravity strings without relying on a geometric construction, but this would
demand more careful studies on algebraic surfaces in geometry and monopole strings
in 5d supergravity theories.
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A Appendix A: Mathematical facts and proofs
In this section, we describe the concepts and results which we need about divisors and
linear systems on surfaces and threefolds. Our motivation is to understand the extent
to which numerical conditions on divisor classes on compact Calabi-Yau threefolds do
or do not guarantee the existence of a smooth surface. While no numerical criterion
exists, there is a rich classical theory in algebraic geometry providing many results
in that direction which will be useful for us.
A good general reference which touches on many of these issues is the book [34].
A.1 Definitions
We begin by stating the relevant definitions and notions from algebraic geometry.
We consider divisors P on smooth projective varieties X of dimension n. A divisor
can be expressed in terms of its irreducible components Pi as P =
∑
i niPi with
ni ∈ Z. Our primary interest is n = 2 or 3.
Definition A.1 The divisor P is effective if all ni ≥ 0.
Definition A.2 The divisor of a nonzero meromorphic function f on X is given by
(f) = (f)0 − (f)∞, where (f)0 is the divisor of zeros of f including multiplicity and
(f)∞ is the divisor of poles of f including multiplicity.
To a divisor P , we associate the sheaf OX(P ) of meromorphic functions f on X
with (f)+P effective. By convention, the 0 function is also a section of OX(P ). Such
an f can be viewed as a holomorphic section sf
12 of OX(P ). For a general f (i.e. one
12This is non-standard notation, introduced to expedite the discussion.
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not necessarily satisfying (f) + P effective), the corresponding sf might only be a
meromorphic section ofOX(P ). We can equivalently think of a meromorphic function
f on X as either a function or a meromorphic section sf of OX(P ). Conversely,
identifying a nonzero meromorphic section s of OX(P ) with a meromorphic function
f on X (so that s = sf ), we define the divisor (s) of s as (f) + P . In particular s is
a holomorphic section of OX(P ) if and only if (s) is effective. This observation leads
to conclude that we can always find an effective divisor associated to P if and only
if h0(X,OX(P )) 6= 0 given by Proposition A.13.
Definition A.3 Two divisors P and P ′ are linearly equivalent, denoted P ∼ P ′,
if there exists a nonzero meromorphic function f on X with P ′ = (f) + P . The
complete linear system |P | of P is the set of all effective divisors linearly equivalent
to P .
Definition A.4 A divisor P is nef if P · C ≥ 0 for all curves C ⊂ X.
The term nef is in part intended as an acronym for “numerically eventually free”.
To say that a divisor is “eventually free” means that some positive multiple is base
point free:
Definition A.5 The linear system |P | is called base point free when the intersection
of all the divisors in |P | is empty. A divisor P in X is called semi-ample if the linear
system |mP | is base point free for some m ∈ N.
A base point free linear system |P | defines a mapping of X to projective space
φ|P | : X → PN , φ|P |(x) = (s0(x), . . . , sN(x)). (A.1)
In (A.1), {s0, . . . , sN} is a basis for H0(X,OX(P )). The map φP depends on the
choice of basis, but is well-defined up to a linear change of homogeneous coordinates
in PN .
If |P | is not base point free, then φ|P | is not defined precisely at the base points.
But we still get a rational map φ|P | : X −− → PN whenever |P | is not empty.
Definition A.6 A divisor P is very ample if |P | is base point free and the corre-
sponding map φ|P | is an embedding. The divisor P is ample if mP is very ample for
some m ∈ N.
We can always determine if a divisor is ample using the numerical criterion given by
Theorem A.16. Moreover, we can always pass from an ample to a very ample divisor
through Theorem A.24.
– 39 –
Definition A.7 The holomorphic Euler characteristic of a divisor P in X is the
alternating sum
χ(OX(P )) =
3∑
i=1
(−1)ihi(OX(P )), (A.2)
where as usual hi(OX(P )) = dimH
i(OX(P )). The holomorphic Euler characteristic
of X is defined as χ(OX) = 1− h1,0(X) + h2,0(X)− . . .+ (−1)nhn,0(X).
Definition A.8 A divisor P in X is Big if h0(X,OX(mP )) ≥ cmn for some c > 0
and all m ≥ m0.
Remark. By Riemann-Roch we have χ(OX(mP )) ∼ (P n/n!)mn. If follows imme-
diate that for divisors P satisfying the vanishing condition H i(X,OX(mP )) = 0 for
i > 0 and m ≥ m0, P is big if and only if P n > 0. Vanishing theorems which imply
such vanishing conditions will be discussed in Section A.3.
Let KX be the canonical bundle of X and Pm(X) = h
0(OP (mKX)) be the m-th
plurigenus13 of X.
Definition A.9 The Kodaira dimension κ of a smooth14 surface X is defined as
follows.
κ(X) = min{k| Pm(X)
mk
is bounded } (A.3)
When all plurigenera vanish we say κ(X) = −∞.
We can similarly associate a Kodaira dimension to any line bundle L on X.
κ(X,L) =
{−∞ H0(X,Ln) = 0 for all n ≥ 1
sup({dimφLn(X) | n ≥ 1}) otherwise (A.4)
We can recover A.3 when L = KX i.e. κ(X) := κ(X,KX).
We now specialize to smooth projective surfaces, which we will denote by S
instead of X. We use the standard notation and terminology of classical algebraic
geometry.
Definition A.10 The geometric genus pg(S) of S is the dimension of H
0(S,KS) '
H2,0(S). The irregularity q(S) of S is the dimension of H1,0(S). The arithmetic
genus pa(S) is defined as pg(S)− q(S).
13Note that m = 1 is the geometric genus h2,0(X).
14Singular surfaces do not have a canonical bundle in general. However, effective divisors in a
smooth threefold are Gorenstein, hence their dualizing sheaves are again line bundles. We can
generalize the notion of Kodaira dimensions to these surfaces if desired, but there is no known
classification. We do not pursue this point further.
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In particular, χ(OS) = 1 + pa(S).
When S is clear from context, we simply denote these by pg, q, and pa respec-
tively.
Definition A.11 A smooth projective surface S is regular if q = 0. The surface S
is irregular if q > 0.
Since b1(S) = 2q, to say that S is regular is equivalent to the topological condition
b1(S) = 0.
Definition A.12 A (−1)-curve is a curve C ⊂ S with C isomorphic to P1 and
C2 = −1. A surface S is minimal if it has no (−1)-curves.
By the adjunction formula, equivalently C is a −1-curve if and only if C2 = KS ·C =
−1.
Any (−1)-curve C ⊂ S can be blown down to a smooth surface. This means that
we can find a smooth surface S1 with a point p ∈ S1 and a holomorphic mapping
f : S → S1 such that f(C) = p and f restricts to an isomorphism of S−C to S1−p.
If S1 is not minimal, then it contains a −1 curve, which can be blown down to a
surface S2. It can be shown that this process terminates after finitely many steps and
we wind up with a minimal surface Sn and a holomorphic birational map S → Sn
which blows down n (−1)-curves in succession.
In this way, the classification of compact Ka¨hler surfaces is reduced to the classi-
fication of minimal compact projective surfaces. In particular, in our case we are only
interested in minimal surfaces because a surface with a (−1) curve can never be nef.
We will futher restrict to the classification of compact algebraic surfaces, since all of
our supergravity strings arise from wrapping surfaces which are algebraic instead of
being merely Ka¨hler, as will be explained in Appendix A.2. Kodaira’s classification
of minimal compact algebraic surfaces, organized by Kodaira dimension κ, is given
in Table 3.
κ minimal projective algebraic surface S
−∞ P2, ruled surface
0 K3, Enriques, hyperelliptic, abelian surface
1 minimal elliptic surface
2 minimal surface of general type
Table 3. The first column is the Kodaira dimension κ of the surface S. The second column
presents the Enriques-Kodaira classification of minimal projective algebraic surfaces.
The first class of surfaces with κ = −∞ are ruled surfaces or P2, which are never
nef divisors in a Calabi-Yau threefold. In particular, a ruled surface is a P1 bundle
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over a smooth curve C, which can have any genus g. If g = 0, the ruled surfaces are
rational and are precisely the Hirzebruch surfaces Fn. The ruled surfaces over curves
of genus g > 0 have continuous complex structure moduli and there is no standard
notation for them. We sometimes denote a ruled surface in one of these continuous
families by Fgn.
The next three cases all represent semi-ample divisors. Enriques surfaces are
regular algebraic surfaces which are Z2 quotients of K3. Hyperelliptic surfaces or
bi-elliptic surfaces are finite abelian group quotients of a product of elliptic curves.
Abelian surfaces are tori and all other elliptic surfaces other than those with κ = −∞
or 0 have κ = 1.
A.1.1 Ruled and Rational Surfaces with κ = −∞
Ruled and rational surfaces with κ = −∞ and their blow ups are never semi-ample
divisors in a Calabi-Yau threefold. Obviously, if we consider any surface with blowups
it will automatically not be semi-ample because it will always contain a rational (−1)
curve with K · C = −1 coming from the blow up as mentioned above. Therefore, it
is enough to consider minimal such surfaces and hence P2 or Fgn.
Hirzebruch surfaces P over a curve of genus g > 1 have P 3 = 8(1 − g) <
0 therefore they are not ample. As for g = 0, the cohomology of the ordinary
Hirzebruch surface Fn is generated by the section e with e2 = −n and f a fiber. We
can inspect the intersection of the canonical divisor K = −2e − (n + 2)f with any
section h satisfying h2 = n, which gives us K · h = −(n+ 2) < 0. For g = 1 we have
K = −2e − nf , and now K · h = −n < 0 for n > 0. Finally, if n = 0 and g = 1
we have K = −2e and hence K · f = −2 < 0. Therefore, any ruled surface cannot
be semi-ample. Lastly, P2 has a canonical bundle which satisfies K = −3` for the
class `2 = 1 with K · ` = −3 < 0. We conclude that smooth projective surfaces with
κ = −∞ are never semi-ample.
A.2 Theorems
In this section, we let X be a smooth projective variety of dimension n. In several
situations, we will specialize to the case where X is a Calabi-Yau threefold and add
something more precise. We will always assume that such a Calabi-Yau has SU(3)
holonomy, so that H1,0(X) = H2,0(X) = 0.
Proposition A.13 Given a divisor P , there is a 1-1 correspondence between |P |
and elements of the projective space P(H0(X,OX(P )). In particular, in which case
|P | is a projective space of dimension h0(X,OX(P ))− 1.
This is a well-known foundational result (e.g. [45]) but we provide a proof to fix
ideas.
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Proof . A holomorphic section s ∈ H0(X,OX(P )) can be written as s = sf for (f)+P
effective. Thus (s) = (f) + P ∈ |P |. For any nonzero constant c we have (cs) = (s).
Thus the assignment sf 7→ (f) + P induces a map P(H0(X,OX(P ))→ |P |.
In the other direction, let P ′ ∈ |P |. Let f be such that P ′ = (f) +P . For this f
we have (sf ) = P
′, which was assumed effective. Thus sf is holomorphic, i.e. gives a
section of H0(X,OX(P )). If instead we choose a different f ′ with P ′ = (f ′)+P , then
(f ′/f) = (P ′−P )−(P ′−P ) = 0. It follows that f ′/f ′ is a holomorphic nonvanishing
function on X, which must be constant since X is compact. So f , hence sf , is unique
up to scalar and we have defined an inverse map |P | → P(H0(X,OX(P )).
Theorem A.14 (Bertini’s Theorem) The general member of a base point free
linear system is smooth.
In particular, if X is a Calabi-Yau threefold and P is semi-ample, then we can
find a smooth surface in the linear system |mP | for some m ≥ 1.
Proposition A.15 Semi-ample divisors are nef.
Thus the nef condition is a purely numerical condition on a divisor which is
automatically satisfied if it semi-ample, i.e. “eventually free”.
Proof: Suppose |mP | is base point free. Let C be an irreducible curve, and p ∈ C.
Since p is not a base point of |mP |, there is a divisor D in |mP | not containing p.
This implies that D does not contain C, hence D · C = (mP ) · C ≥ 0 and finally
P · C ≥ 0.
Recall the notion of an ample divisor from Appendix A.1.
Theorem A.16 ( Nakai–Moishezon criterion for ampleness) A divisor D
in X is ample iff Dk · V > 0 for all irreducible subvarieties V ⊂ X, where k is
the dimension of V . In particular, if X is a (Calabi-Yau) threefold, D is ample iff
the following three conditions hold: D3 > 0, D2 · S > 0 for all irreducible surfaces
S ⊂ X, and D · C > 0 for all irreducible curves C ⊂ X.
The Nakai-Moishezon criterion implies that the ampleness of D only depends on
the class [D] ∈ H2(X,R). The cohomology classes of ample divisors span a cone in
H2(X,R), the ample cone or Ka¨hler cone K(X) ⊂ H2(X,R). The reason for the
interchangeable terminology is that the line bundles associated to ample divisors are
precisely the line bundles which admit Ka¨hler metrics. We will describe the cone
spanned by the ample divisor classes as the Ka¨hler cone to match usage in physics.
While the Nakai-Moishezon condition is a purely numerical condition, it is not
completely satisfactory for our purposes since we have to know all surfaces S ⊂ X in
order to implement the criterion. As we will see presently, it is easier to work with
the nef cone, which gives us almost as much information anyway.
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The following theorem shows that the nef cone Nef(X) generated by nef divisors
is the closure K(X) of the ample cone, as we just replace “>” in the Nakai-Moishezon
criterion with “≥”.
Theorem A.17 (Kleiman’s Theorem [46]) Let D be a a nef divisor on X. Then
for any subvariety V of X we have Dk · V ≥ 0 where k is the dimension of V . In
particular, if X is any threefold, such as a Calabi-Yau threefold, we see that D3 ≥ 0.
Said differently, Kleiman’s Theorem says that Nef(X) = K(X) is dual to the
Mori cone M(X) ⊂ H2(X,R), the cone generated by the classes of all irreducible
curves C ⊂ X. The conclusion of Kleiman’s theorem holds for semi-ample divisors,
since semi-ample divisors are nef by Proposition A.15.
In general, the determination of the Ka¨hler cone K(X) ⊂ Nef(X) is more subtle.
But it can be shown that the ample cone is the interior of the nef cone [46]. In
particular, if the nef cone is known to be a polyhedral cone generated by finitely
many nef divisors, then this fact determines the ample cone.
Remark. We have assumed that X is projective throughout this section, so these
results do not apply to local Calabi-Yau threefolds. To see the issue, suppose that
P is a smooth surface in a compact Calabi-Yau X. To say that P is nef means that
P · C ≥ 0 for all curves C ⊂ X, not just those contained in P . In the local case, all
compact curves are either contained in P or a deformation of curves contained in P ,
hence homologous to curves in P . So the condition becomes P ·C ≥ 0 for all curves
C ⊂ P (as was studied in the context of 5D SCFT [36]), which is a substantially
weaker condition than requiring that P · C ≥ 0 for all curves C ⊂ X for any given
compact Calabi-Yau X containing P .
For simplicity, we only state the Hirzebruch-Riemann-Roch theorem for Calabi-
Yau threefolds.
Theorem A.18 (Hirzebruch-Riemann-Roch theorem) The holomorphic Eu-
ler characteristic of a divisor P in a Calabi-Yau threefold X is given by
χ(OX(P )) =
1
6
P 3 +
1
12
P · c2(X) (A.5)
If Hk(X,OX(P )) = 0 for all k > 0, then dim |P | = dimH0(X,OX(P )) − 1 =
χ(OX(P )) − 1, and we can compute the dimension of our moduli space of surfaces
|P | very simply by Hirzebruch-Riemann-Roch. We now give a few theorems which
guarantee these vanishings of cohomology.
Theorem A.19 (Kodaira Vanishing theorem [47]) Let P be an ample divisor
on a smooth projective variety X. Then H i(X,KX(P )) = 0 for any i > 0. In
particular, if X is Calabi-Yau we have H i(X,OX(P )) = 0 for any i > 0.
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Since Nef(X) is the closure of Amp(X), one might hope that the desired van-
ishing holds for nef divisors, but that is not true in general. A slight strenghtening
of the nef hypothesis works which is more general than ample.
Theorem A.20 (Kawamata-Viehweg vanishing[47]) Let P be a nef and big
divisor on X. Then H i(X,KX(P )) = 0 for any i > 0. In particular, if X is Calabi-
Yau we have H i(X,OX(P )) = 0 for any i > 0.
Specializing to a Calabi-Yau threefold for definiteness, we see that χ(OX(mP ))
grows like (P 3/6)m3. If P 3 > 0, this is close to the condition for being big,
but is not the same since χ(OX(mP )) is not the same as dimH0(X,OX(mP )) in
general. To conclude the required growth of dimH0(X,OX(mP )), the growth of
dimH2(X,OX(mP )) must be controlled for i > 0. This can be done:
Proposition A.21 Suppose X is a Calabi-Yau threefold, and P is nef and satisfies
P 3 > 0. Then P is big.
Since semi-ample divisors are nef, it follows immediately from the Kawamata-
Viehweg vanishing theorem that we get the desired vanishings H i(X,OX(P )) = 0
for i > 0 if P is nef and P 3 > 0.
Proof. Follows immediately from [34, Cor. 1.4.41]. Indeed, the proof shows that
dimH i(X,OX(mP )) = O(m3−i).
If P is an effective divisor, nef already implies semi-ample. Hence nef and semi-
ample are equivalent conditions on effective divisors:
Theorem A.22 [35] If P is effective (or more generally if κ(X,P ) ≥ 0) and nef,
then P is semi-ample.
Corollary A.23 If P is nef and |nP | contains an effective surface for any n ≥ 1,
then |nmP | contains a smooth surface for some m ≥ 1.
We can be more precise for ample divisors.
Theorem A.24 (Oguiso-Peternell Theorem [48] )
Let P be an ample divisor in a Calabi-Yau threefold. Then
1. |mP | is base point free for m ≥ 5
2. mP is very ample for m ≥ 10
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By Bertini’s Theorem, we see that we can always find a smooth surface in |5P |.
We are primarily interested in smooth irreducible surfaces P ⊂ X. Note that
since X is assumed projective, we have that S is automatically projective, stronger
than merely Ka¨hler. We will see presently that if P is a regular surface, we get the
desired vanishings H i(X,OX(P )) = 0 for i > 0 without any additional hypotheses
on the linear system |P |. The reason is that the numerical invariants of the surface
P are related to the properties of P as a divisor in X.
Proposition A.25 For X and P as above, we have
1. dimH0(X,O(P )) = pg + 1
2. dimH1(X,O(P )) = q
3. Hk(X,O(P )) = 0 for k ≥ 2.
Corollary A.26 If the surface P is regular, then H i(X,OX(P )) = 0 for i > 0 and
dim |P | = pg.
Proof. We consider the short exact sequence
0→ OX → OX(P )→ OX(P )|P → 0. (A.6)
By the adjunction formula and the Calabi-Yau condition, we have OX(P )|P ' KP .
Using H1(X,OX) = H2(X,OX) = 0 which is part of the Calabi-Yau condition, the
associated long exact sequence of cohomology splits up into a short exact sequence,
0→ H0(X,OX)→ H0(X,OX(P ))→ H0(P,KP )→ 0, (A.7)
an isomorphism H1(X,O(P )) ' H1(P,KP ), and an exact sequence
0→ H2(X,OX(P ))→ H2(P,KP )→ H3(X,OX)→ H3(X,OX(P ))→ 0. (A.8)
Taking dimensions in (A.7) gives 1. By Serre duality on P , we have H1(P,KP ) '
H1(P,OP )∗, which has dimension h0,1(P ) = h1,0(P ) = q. So 2 follows immediately
from the isomorphism between (A.7) and (A.8). By Serre duality on X we get
H3(X,OX(P )) ' H0(X,OX(−P ))∗ = 0, using the Calabi-Yau condition KX ' OX .
Since H2(P,KP ) ' H2,2(P ) and H3(X,OX) are each 1-dimensional, (A.8) implies
that H2(X,OX(P )) = 0. We trivially have Hk(X,O(P )) = 0 for k > 3 for dimension
reasons. This completes the proof of 3 and of the proposition.
Continuing to assume that P is a smooth surface, note that if in addition P
is either ample, or more generally nef with P 3 > 0, then Kodaira vanishing or
Kawamata-Viehweg vanishing implies that H1(X,O(P )) = 0, so that P is regular
by Proposition A.25.
– 46 –
If P is merely semi-ample, then |mP | is base point free for m  0, hence its
restriction to P is still basepoint free. Since P restricts to KP on P , we see that
|mKP | is base point free and hence κ(P ) ≥ 0. Furthermore P cannot contain any
(−1) curve C, since KP ·C = −1 on P is equivalent to P ·C = −1 on X, contradicting
the fact that P is nef.
Furthermore, if P is ample, then the restriction KP of OX(P ) to P is still ample,
hence mKP is very ample for m >> 0 and κ(P ) = 2. If P nef with P
3 > 0, then
K2P = P
3 > 0 and P is a minimal surface with κ ≥ 0 as we just saw. As a consequence
of the Kodaira classification of minimal surfaces, we see that K2P = 0 for minimal
surfaces P with κ = 0 or 1. It follows that κ = 2 in this case as well.
Summarizing, we have proven
Proposition A.27 Suppose that P is a smooth surface which is also semi-ample as
a divisor in X. Then P is a minimal surface with κ ≥ 0. If in addition P is ample,
or more generally nef with P 3 > 0, then P is a regular surface of general type.
Of course, if |P | is very ample, then a general surface in |P | is automatically smooth
by Bertini’s theorem.
Regarding c2 we have
Theorem A.28 If P is nef, then c2 · P ≥ 0.
This follows from [49, Theorem 1.1].
Corollary A.29 If [P ] is an ample class, or more generally if [P ] is nef with P 3 > 0,
then it has an effective representative P .
Proof. By Kodaira vanishing in the ample case, or Proposition A.21 and Kawamata-
Viehweg in the more general case, we get H i(X,O(P )) = 0 for i > 0. Then we have
h0(O(P )) = χ(O(P )) = P 3/6 + c2.P/12 > 0, the first equality coming from the
vanishing of higher cohomology.
Theorem A.30 [50] If P is nef and c2(X) · P > 0, then P is semi-ample.
Theorem A.31 (Lefschetz hyperplane theorem)
Let P be an effective ample divisor on a smooth projective variety X of dimension
n. Then the restriction map ri : H
i(X,Z)→ H i(P,Z) is an isomorphism for i ≤ n−2
and injective for i = n− 1.
In particular, if X is a Calabi-Yau threefold, then dimH1(P,Z) = 0 so that P is
regular, and dimH2(X,Z) ≤ dim(H2(P,Z)).
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Theorem A.32 (Hodge index theorem)
Assume P is a compact surface then the cupproduct form on H2(P,R), restricted
to H1,1R (P ), is non-degenerate and of signature (1, h
1,1 − 1)
Theorem A.33 (Noether bound)
Let P be a smooth minimal surface of general type (κ = 2). Then
1
2
K2P ≥ pg(P )− 2 (A.9)
In the case that P is a smooth surface with κ = 2, then pg =
1
6
P 3 + 1
12
P.c2(X)−1 by
Hirzebruch-Riemann-Roch and Proposition A.25. Since K2P = P
3, we conclude that
4P 3 ≥ P · c2(X)− 36 if P 3 is even or 4P 3 ≥ P · c2(X)− 30 if P 3 is odd. In addition,
all minimal smooth surfaces with κ = 0 have c2(P ) ≤ 36, which can be found in [51]
and hence satisfy the same inequality. This implies that smooth ample or semi-ample
divisors that correspond to smooth surfaces with κ = 0, 2 satisfy 4P 3 ≥ P ·c2(X)−C,
where C = 36 when P 3 is even and C = 30 when P 3 is odd.
A.3 Proofs of Inequalities
Theorem A.34 (Inequality 4, Table 2)
Let P be a smooth ample divisor inside the Calabi-Yau threefold X. Then
h1,1(X) ≤ P 3 + P · c2(X)− 2 (A.10)
Proof. Since P is smooth and ample in X, the Lefschetz hyperplane theorem applies.
Therefore the restriction map r : H2(X,Z)→ H2(P,Z) is an injection. Hence,
dim(H2(X,C)) ≤ dim(H2(P,C)). (A.11)
By the Hodge Decomposition we know that dim(H2(X,C)) = h1,1(X) since h2,0(X) =
0 and dim(H2(P,Z)) = h1,1(P ) + 2h2,0(P ) = h1,1(P ) + 2pg. In addition, since P is a
regular surface, the topological Euler characteristic of P is given by χ(P ) = 2 + b2 =
2 + 2pg + h
1,1(P ), while from (3.13) we also know that χ(P ) = P 3 + P · c2(X).
Hence, h1,1(P ) = P 3 + P · c2(X) − 2pg − 2 which implies that (A.11) becomes
h1,1(X) ≤ h1,1(P ) + 2pg = P 3 + P · c2(X)− 2.
Theorem A.35 (Inequality 5, Table 2)
Let P be a smooth, big and nef divisor inside the Calabi-Yau threefold X. Then the
number of rational (−2) curves on P is bounded by
N−2 ≤ 1
6
(4P 3 + 5P · c2(X))− 1. (A.12)
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Proof A smooth nef and big divisor inside the Calabi-Yau threefold is a minimal
surface of general type. A consequence of the Hodge Index Theorem is that the
number N−2 of rational −2 curves in a surface of general type P is bounded by
N−2 ≤ ρ(P ) − 1,where ρ(P ) is the Picard number of P , the rank of the group of
divisor classes. This claim can be found in [[51],Prop.VII(2.5)]
In addition, the Picard number ρ(P ) is clearly bounded above by h1,1(P ), as the
Picard lattice of cohomology classes of divisors is a sublattice ofH1,1(P,C)∩H2(P,Z).
Therefore N−2 ≤ h1,1(P )− 1. In the proof of (A.10), we saw that h1,1(P ) = P 3 +P ·
c2(X)− 2pg − 2. But χ(O(P )) = pg + 1 by Proposition A.25 and χ(O(P )) = (2P 3 +
c2 · P )/12 by Hirzebruch-Riemann-Roch. Combining these formulas, we conclude
that N−2 ≤ 16(4P 3 + 5P · c2(X))− 1.
B Examples
In this section of the appendix, we collect examples supporting the discussion in the
main text. We begin with an example of an ample divisor class with no smooth
representative. We then follow with examples of SU(2) and SU(3) gauge theories
which Higgs to the quintic.
B.1 An ample divisor class with no smooth representative
Referring to [52], we let X be a smooth Weierstrass elliptic fibration over P2, equiv-
alently the blowup of a weighted hypersurface Xˆ of degree 18 in P(1, 1, 1, 6, 9). The
closure K(X) of the Ka¨hler cone is generated by two classes, denoted by H and L.
The dual Mori cone generators are denoted by h and `. Each of the classes H and
L are nef but not ample (we have H · ` = 0 and L · h = 0). But H + L is in the
interior of the nef cone hence is ample (cf. the discussion following Theorem A.17).
We study the surfaces in |H + L| and show that all are singular.
The blowup of Xˆ is performed along the singular locus x1 = x2 = x3 = 0 (a
single point in Xˆ due to the imposition of the defining weight 18 equation), with
exceptional divisor E ' P2. The blowup guarantees that the projection to the first
three coordinates gives a well-defined map X → P2 with elliptic fibers, the base
being embedded in X as the section E. The Mori generator ` is a line in E ' P2
and the Mori generator h is the class of the elliptic fiber. The divisor class L is the
pullback of OP2(1) to X, and in particular is represented by the proper transforms
of any of the surfaces defined by xi = 0, i = 1, 2, 3. The class H is defined as 3L+E.
In particular, H projects to a class of weight 3 in P(1, 1, 1, 6, 9). Thus 2H projects
to a class of weight 6 and 3H projects to a class of weight 9. Furthermore, it can
be checked that the proper transform of x4 = 0 is in the class 2H and the proper
transform of x5 = 0 is in the class 3H.
We now examine the class H +L = 4L+E, which has weight 4 after projection
to P(1, 1, 1, 6, 9). But the only weight 4 polynomials in P(1, 1, 1, 6, 9) are just the
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degree 4 homogeneous polynomials f(x1, x2, x3) in the homogeneous coordinates of
the base P2. The proper transform of f = 0 is in the class 4L. Thus any effective
divisor D in |H + L| contains as a component a surface in |4L|, which is simply the
restriction S of the elliptic fibration to a plane curve C in the base of degree 4. We
conclude that D = S ∪ E, which is singular along S ∩ E. This last is just the curve
C identified as a curve in the section E.
B.2 SU(2)
In our first example, an SU(2) gauge theory, the geometry is a singular quintic with
an A1 singularity along a line L, and smooth otherwise. For definiteness, we choose
homogeneous coordinates (x0, . . . , x4) on P4 so that L is defined by x0 = x1 = x2 = 0.
Then the equation of the quintic has the form
2∑
i,j=0
xixjfij(x3, x4) = 0, (B.1)
where the fij are homogeneous polynomials of degree 3.
More generally, we can find a quintic with an SU(2) on any curve C which
can be defined by the simultaneous vanishing of a collection of homogeneous poly-
nomials qi(x) = qi(x0, . . . , x4) of degrees di ≤ 2. In addition to the case of the
line above {di} = {1, 1, 1}, we will also consider the cases where C is a plane
conic {di} = {1, 1, 2} or a twisted cubic {di} = {1, 2, 2, 2}. In general, letting
fij(x) = fij(x0, . . . x4) denote generic homogeneous polynomials of degrees 5−di−dj,
the quintic defined by the equation∑
i,j
qi(x)qj(x)fij(x) = 0 (B.2)
has an A1 singularity at the generic point of C. The assumption di ≤ 2 is needed to
ensure that 5− di − dj > 0 and so nonvanishing fij(x) exist.
Note that we are not assuming that the qi are independent (as in the case of
the line above), so there could be more than one way to choose the fij(x) to get a
fixed quintic. The twisted cubic is an example where such an ambiguity arises, with
a linear syzygy relating the three quadratic terms.
Returning to the case of an SU(2) on a line L, we now identify the matter. At a
point (0, 0, 0, x3, x4) ∈ L (which hereafter we simply write as (x3, x4) ∈ L), the type
of the transverse singularity can be identified by the matrix
A(x3, x4) =
 f00(x3, x4) f01(x3, x4) f02(x3, x4)f10(x3, x4) f11(x3, x4) f12(x3, x4)
f20(x3, x4) f21(x3, x4) f22(x3, x4)
 . (B.3)
We have a transverse A1 singularity at (x3, x4) when detA(x3, x4) 6= 0. We assume
that the fij are chosen generically, so that detA(x3, x4) is a degree 9 homogeneous
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polynomial vanishing at 9 distinct points, which are generically A2 singularities. The
SU(2) gauge theory therefore has Nf = 9, with the matter localized at the zeros of
detA. Similar methods can be used to locate the matter starting from equations of
the form (B.2). However, in this paper we primarily concerned with the value of Nf
rather than the more precise information of the location of the matter. Later in this
example, we will compute Nf = 9 by a different method which will generalize in a
straightforward manner.
Blowing up the singular quintic gives a Calabi-Yau X with h1,1(X) = 2. The
cohomology generators are H, the proper transform of the hyperplane class of the
quintic, and E, the exceptional divisor of the blowup. We need to compute the
triple intersection numbers of H and E, their intersections with c2 = c2(X), and the
generators of the Ka¨hler cone.
We proceed by first blowing up L inside P4 to obtain the blown-up fourfold P˜4.
Then H1,1(P˜4) is generated by H, the proper transform of the hyperplane class of
P4, and E, the exceptional divisor. We have
H = H|X , E = E|X . (B.4)
Since X is obtained by blowing up a quintic (degree 5) with a multiplicity 2 singu-
larity along L, we get for the class [X] ∈ H1,1(P˜4) of X
[X] = 5H− 2E. (B.5)
To compute the triple intersections on X, we lift to classes to P˜4 using (B.4) and
then restrict the corresponding triple intersection on P˜4 to X. Using (B.5) we get
H3 = H3 (5H− 2E) , H2E = H2E (5H− 2E) ,
HE2 = HE2 (5H− 2E) , E3 = E3 (5H− 2E) . (B.6)
To finish the calculation, we just need the four-fold intersection products HiE4−i on
P˜4. This is a standard calculation in algebraic geometry, using Segre classes [53].
The Segre class s(S,M) of a submanifold S ⊂ M is the inverse of the total chern
class of the normal bundle NS,M of S in M :
s(S,M) = c(NS,M)
−1, (B.7)
a cohomology class on S. Now suppose that we have a birational mapping of mani-
folds f : M → N with T = f(S) also a manifold. Then we have
f∗ (s(S,M)) = s(T,N), (B.8)
i.e. Segre classes are invariant under birational pushforward [53, P. 76].
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In the special case where S is a divisor, we have NS,M is a line bundle, and
c1(NS,M) is the restriction of the cohomology class of S itself to S. So c(NS,M) is the
restriction of 1 + S to S. Specialing S ⊂M to E ⊂ P˜4 and inverting, we get
s(E, P˜4) = E− E2 + E3 − E4. (B.9)
For the projection pi : P˜4 → P4 we have pi(E) = L. Since c1(NL,P4) = 3p (p being the
class of a point), we invert c(NL,P4) = L+ 3p on L and get
s(L,P4) = L− 3p. (B.10)
Then pi∗(E− E2 + E3 − E4) = L− 3p gives
pi∗(E) = 0, pi∗(E2) = 0, pi∗(E3) = L, pi∗(E4) = 3p. (B.11)
Letting h be the hyperplane class of P4 with h4 = 1, and H = pi∗h, we can now
compute the four-fold intersections on P˜4 by
HiE4−i = pi∗(HiE4−i) = pi∗((pi∗hi)E4−i) = hipi∗(E4−i). (B.12)
Combining with (B.11) we get
H4 = h4 = 1, H3E = h3pi∗(E) = 0, H2E2 = h2pi∗(E2) = 0,
HE3 = hpi∗(E3) = hL = 1, E4 = 3.
(B.13)
Plugging these into (B.6) we get
H3 = 5, H2E = 0, HE2 = −2, E3 = −1. (B.14)
Since E is a ruled surface over L ' P1, it is the blowup of a Hirzebruch surface at
Nf points. However, E
3 is the self-intersection of the canonical bundle of E, which
is 8−Nf . So E3 = −1 is equivalent to Nf = 9.
For a smooth surface S on any Calabi-Yau we have S3 +S ·c2 = c2(S). Applying
this to H, a quintic surface in P3 with c2 = 55 we get H ·c2 = 50. From the description
of E as the blowup of a Hirzebruch surface at 9 points we get c2(E) = 13, as a
Hirzebruch surface has c2 = 4 and each blowup adds 9. Combining with E
3 = −1
we get E · c2 = 14. Summarizing:
H · c2 = 50, E · c2 = 14. (B.15)
Finally, we turn to the Ka¨hler cone, which is most easily computed from the
dual Mori cone. The calculation is elementary albeit a bit lengthy. We provide all of
the details in this case to illustrate the ideas. In the other examples in this and the
following section, we omit details in the calculation of the Mori cone. In some cases,
– 52 –
we do not have a mathematical proof that we have found all of the Mori generators,
but we provide justification by checking consistency with physics.
We coordinatize the Mori cone by identifying the class [D] of a curve D ⊂ X
with the ordered pair
(D ·H,D · E) ∈ Z2. (B.16)
Alternatively, if desired we could identify of pair of curve classes which generate
H2(X,Z) and express all curve classes in terms of the two chosen generators. While
that approach might clarify the geometry, using our coordinates is simpler.
We identify irreducible curves D ⊂ X with help of the blowdown map pi : X → Y
which contacts E to the line L in the singular quintic Y ⊂ P4. The restriction of pi to
E exhibits E as a ruled surface over L. Let r be the class of the generic fiber. Since
a general hyperplane in Y intersects L at one point, its proper transform H in X is
disjoint from the fiber r over any other point of L. Thus H · r = 0. Furthermore,
E ·r = −2 because the curve r can be viewed as the exceptional curve of a transverse
A1 singularity. Thus r has coordinates (0,−2).
There are Nf = 9 special fibers which split into a pair of P1’s. Since each P1 in
this pair is orthogonal to H, the two classes lie in the same 1-dimensional subspace
of the two-dimensional H2(X,Z) and are therefore proportional. We conclude that
each of these P1’s has class r/2 and coordinates (0,−1).
If D is not contained in a fiber of pi, then pi(D) is a curve in Y ⊂ P4 of some
degree d > 0. For example, pi(D) can be a line, d = 1. There are two cases to
consider separately: pi(D) = L or pi(D) 6= L.
We consider the latter case first. Let d be the degree of pi(D) as a curve in
X ⊂ P4, so that H ·D = d. Since pi(D) 6= L, the curves pi(D) and L meet at finitely
many points (possibly none). Equivalently, D and E meet at finitely many points.
Putting k = E ·D ≥ 0, we conclude that the coordinates of D are (d, k).
We now show that k ≤ d. Choose a hyperplane P ⊂ P4 containing L but not
containing pi(D). Then P meets pi(D) in d points (including multiplicity) by the
definition of degree. On the other hand, P meets pi(D) in at least k points (including
multiplicity), namely those contained in L. Thus k ≤ d, as claimed.
We now exhibit a curve D with d = k = 3. Choose a two-plane Q ⊂ P4
containing L. Since Y ⊂ P4 is a quintic, we have that Q ∩ Y is a degree 5 plane
curve, including multiplicities. However L ⊂ Q ∩ Y , and L occurs with multiplicity
2 in Q ∩ Y due to the A1 singularity. It follows that
Q ∩ Y = 2L+D (B.17)
for some degree 3 curve D, i.e. d = 3 for the curve D. Since D and L are contained
in the same plane Q, they meet in exactly 3 points, and k = 3 as claimed. Thus D
has coordinates (3, 3).
Thus the Mori cone is spanned (over Q) by the curve classes with coordinates
(0,−1), (1, 1), and the curves D with pi(D) = L.
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We are now ready to turn to the case pi(D) = L, i.e. curves D ⊂ E, and show
that these classes are already in the span of the curve classes found above.
Since the half-fibers have self-intersection −1, we can blow down either of the
P1s in the 9 singular fibers and get a P1-bundle over P1. Thus E is the blowup of
a Hirzebruch surface. Note that the Mori cone of a blown up Hirzebruch surface is
generated by the exceptional curves and some sections, as discussed for example in
[36]. The exceptional curves which are not sections are among the half-fibers r/2
which we have already accounted for in the Mori cone.
To determine the possible coordinates of the sections, we describe E as a hy-
persurface inside P1 × P2 by viewing (x0, x1, x2) as homogeneous coordinates for P2
and (x3, x4) as homogeneous coordinates for P1 in (B.1). Thus E is a hypersurface
of bidegree (3, 2).
Now a section of E can be thought of as the image of a map P1 → E ⊂ P1×P2.
Thus any section D of E is the graph of a map P1 → P2. Let s be the degree of this
map. We now compute the coordinates of D in terms of s.
First, we have H ·D = 1, since H meets E in a fiber of E, which in turn meets
D in exactly one point since D is a section.
Next, E ·D is equal to the degree of the restriction (KE)|D to D of the canonical
bundle of E. Since the canonical bundle of P1×P2 is O(−2,−3) and E is a section of
O(3, 2), the adjunction formula tells us that KE is O(1,−1), which has degree 1− s
after restricting to D. Thus the section D has coordinates (1, 1 − s). Since these
classes are all in the cone spanned by the curve classes with coordinates (0,−1) and
(1, 1), we see that the Mori cone is spanned by the curve classes with coordinates
(0,−1), (1, 1). (B.18)
Finally, the Ka¨hler cone is generated by
H, H − E, (B.19)
the dual basis to (B.18).
Before turning to other examples, we first make some general observations. Sup-
pose we have a Calabi-Yau threefold Y with a generic A1 singularity along a smooth
curve C of genus g, enhancing to A2 at Nf distinct points. Let pi : X → Y be the
blowup of C, with exceptional divisor E. Then E is a ruled surface over C with
generic fiber r, and Nf special fibers consisting of pairs of P1’s, each of class r/2.
Let {Di} be any collection of divisors in H2(Y,Z), and we continue to denote their
pullbacks to X by the same symbols. Then by similar methods to the above example,
we compute
DiDjE = 0, DiE
2 = −2DiC,E3 = 8− 8g −Nf , (B.20)
while the triple intersections of the Di are identical when computed on either X or
Y . The intersection DiC is computed on Y , while the triple intersections in (B.20)
are computed on X.
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We have done computations for quintics with SU(2) on various curves C. Sup-
pose that C ⊂ Y ⊂ P4 has degree c and genus g. Since c1(NC,P4) = 5d + 2g − 2, we
compute c(NC,P4) = [C] + (5d+ 2g − 2)p so that
s(C,P4) = C + (5d+ 2g − 2)p. (B.21)
Birational invariance of Segre classes then reads pi∗(E−E2 + E3 −E4) = C − (5d+
2g − 2)p, giving
pi∗(E) = 0, pi∗(E2) = 0, pi∗(E3) = C, pi∗(E4) = (5d+ 2g − 2)p, (B.22)
hence
H4 = 1, H3E = 0, H2E2 = 0, HE3 = hC = d, E4 = 5d+ 2g − 2. (B.23)
It follows that
H3 = 5, H2E = 0, HE2 = −2d, E3 = 4− 4g − 5d. (B.24)
Since a P1-bundle over C has K2 = 8− 8g, the surface E must be a P1-bundle over
C blown up at Nf = (8− 8g)− (4− 4g − 5d) = 5d+ 4− 4g points.
Combining c2(E) = 4− 4g+Nf = 5d+ 8− 8g (since a P1-bundle over a curve of
genus g has c2 = 2(2−2g) = 4−4g and each blowup adds 1) with c2(E) = E3 +Ec2,
we get Ec2 = 10d+ 4− 4g.
We collect the results in the following table. Here d′ is the degree of C ⊂ P4.
d′ g Mori gens Kahler gens Nf H3 H2E HE2 E3 c2H c2E
1 0 (1, 1), (0,−1) H, H − E 9 5 0 −2 −1 50 14
2 0 (1, 2), (0,−1) H, 2H − E 14 5 0 −4 −6 50 24
3 0 (1, 2), (0,−1) H, 2H − E 19 5 0 −6 −11 50 34
(B.25)
The only information in (B.25) which does not follow immediately from (B.24) and
the following paragraphs are the Mori generators and the Ka¨hler generators. We
have continued to coordinatize the Mori cone by [D] 7→ (H ·D,E ·D). The Ka¨hler
generators are immediately deduced from the Mori generators by duality, so we need
only describe the Mori generators.
The method is a straightforward adaptation of the case of a line. We consider
the blowdown pi : X → Y to a quintic Y with an A1 singularity along C, and
separately consider the cases pi(D) = C and pi(D) 6= C. We have half-fibers r/2 with
coordinates (0,−1). If pi(D) 6= C, then [D] has coordinates (d, k), with d > 0 and
k ≥ 0 exactly as in the case C = L. We find a curve D which maximizes the slope
of the ray from the origin through (d, k) and as before, we can show that the case
pi(D) = C does not produce any new classes. Then the Mori cone is generated by
(d, k) and (0,−1).
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In the case d = 2, g = 0, such curves are well-known to be contained in a unique
two-plane Q [54, Example 6.4.2], which intersects Y in a degree 5 curve Y ∩Q. This
intersection contains C with multiplicity 2. Considering degrees, we see that we must
have
Y ∩Q = 2C +D (B.26)
for some line D, d = 1. Since D meets C in 2 points by plane geometry, we see that
k = 2 and D has coordinates (1, 2) and slope 2.
We now show that any other irreducible curve D with coordinates (d, k) has
slope k/d < 2. It follows that Mori generators are those appearing in the second line
of (B.25).
To see this, our previous argument shows that the line D above is the only curve
in the quintic Y other than C which is contained in Q. Since any other curve D′ is
not contained in Q, we can find a hyperplane P containing Q (hence containing C)
which does not contain D′. The same argument as in the case of an SU(2) on a line
shows that k ≤ d, and we are done since the slope of the rays associated to these
curves are at most 1.
In the case where C is a twisted cubic d = 3, g = 0, we found the curve D whose
coordinate ray has maximal slope experimentally by a computer search. We simply
describe this curve.
First, we note that the curve C is defined by the vanishing of homogeneous
polynomials `1, q2, q3, q4 of degrees 1,2,2,2. The hypersurface `1 = 0 intersects the
singular quintic threefold Y in a quintic surface S which is also singular along the
curve C. We let S˜ be the proper transform of S inside the Calabi-Yau X. The
surface S˜ is the blowup of S along C, and is a smooth surface assuming that we have
chosen the singular quintic Y containing C generically.
We now calculate intersections on S˜ by blowing up S ⊂ P3 along C using exactly
the same method we previously used to find intersections on X by blowing up Y ⊂ P4
along C. We state results without providing all of the supporting calculations.
We denote the exceptional divisor of the blowup P˜3 of P3 by F, the proper
transform of a hyperplane by H, the projection P˜3 → P3 by pi, the restriction of F
to S˜ by F and the restriction of H to S˜ by H. Calculating Segre classes as in the
SU(2) cases, we get pi∗(F) = 0, pi∗(F2) = −C, F3 = −10, which yields
H3 = 1, H2F = 0, HF2 = −3, F3 = −10. (B.27)
Since S˜ has class 5H−2F in P˜3, we calculate products of H and F in S˜ by replacing
H and F by H and F respectively, multiplying by 5H − 2F, then calculating the
resulting intersection on P˜3 using (B.27). We obtain after calculation
F 2 = 5, HF = 6, H2 = 5. (B.28)
The desired curve D has class 7H − 4F . For this class, we compute H · D =
7H2−4HF = 11 and F ·D = 7HF −4F 2 = 22, So D has coordinates (11, 22), slope
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2. This ray is indicated (B.25). To show that D is in the Mori cone, we just have to
show that there is an effective curve in this class.
By the adjunction formula for S˜ ⊂ P˜3, the canonical classKS˜ of S˜ is ((−4H+F)+
(5H−2F))|S˜ = H−F . Since KS˜ has degree H(H−F ) = −1 < 0, the class KS˜ is not
effective, i.e. pg(S˜) = 0 and hence χ(OS˜) = 1. Riemann-Roch then gives χ(O(D)) =
(1/2)D(D −KS˜) + 1 = (1/2)(7H − 4F )(6H − 3F ) + 1 = 1 > 0. Also H2(O(D)) is
Serre dual to H0(KS˜ −D) = H0(O(−6H + 3F )), which is zero since −6H + 3F has
negative degree H(−6H + 3F ) = −12. Thus 1 = dimH0(O(D)) − dimH1(O(D))
and so H0(O(D)) is nonzero. Hence D is effective, as claimed.
B.3 SU(3)
To achieve an SU(3) geometry on a line L, we inspect the SU(2) geometry (B.1) and
see that by reinterpreting (x0, x1, x2) as homogeneous coordinates on P2, the same
equation describes E as a ruled surface over the P1 with homogeneous coordinates
(x3, x4). The fibers are degree 2 curves in P2 which are generically isomorphic to
P1, except over the Nf = 9 points where detA(x3, x4) = 0. For those points, the
degree 2 curve factors into a product of linear terms and the fiber is a pair of lines,
corresponding to the geometry of an SU(2) enhancement.
This description immediately suggests a way to achieve an SU(3): we requive
the degree 2 curve in every fiber to factor. This can be achieved if the equation of
E factors as
(x0g0(x3, x4) + x1g1(x3, x4) + x2g2(x3, x4)) (x0h0(x3, x4) + x1h1(x3, x4) + x2h2(x3, x4)) .
(B.29)
In (B.29), the degrees of the polynomials gj and hj are fixed by an integer 0 ≤ n ≤ 3:
the gj all have degree n and the hj all have degree 3−n. By construction, each term
in (B.29) has degree 5 in the full set of variables (x0, . . . , x4) so is the equation of a
quintic. But this is not a good quintic when viewed as a hypersurface in P4, since it
visibly has two components, one of degree n+ 1 and the other of degree 4− n. This
is easily fixed by adding terms of order greater than two in (x0, x1, x2)
(x0g0 + x1g1 + x2g2) (x0h0 + x1h1 + x2h2) + . . . . (B.30)
For generic gj, hj, and higher order terms, the quintic (B.30) has an SU(3) geometry
along a line, and no other singularities.
We will blow up this geometry twice to a smooth Calabi-Yau threefold which
Higgses to the quintic. The choice of blowup depends on the ordering of the factors in
(B.29). For this reason, the construction is not symmetric in g and h. In particular,
switching g and h, and replacing n with 3− n gives the same geometry (B.30) but a
different smooth Calabi-Yau. These distinct Calabi-Yaus are related by a flop.
We start by blowing up P4 along the line L, just as we did in the SU(2) case,
and now consider the proper transform Z of the quintic Y defined by (B.30). The
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exceptional divisor E is still fibered over L, and by construction it splits into two
components, each component being a P1-bundle over L, i.e. a Hirzebruch surface.
The two components intersect in a section F of E over L. While it is clear that Z
is smooth away from F and at the generic point of F , there is nothing to prevent Z
from having conifolds at finitely many points of F . We will perform a blowup of Z
along one of the Hirzebruch surfaces which will both detect the conifolds and resolve
them by small resolutions. A choice of small resolution will be made in the process.
As a preliminary, we show how blowing up a surface in a threefold can detect a
singularity in the threefold. First, consider a smooth surface in a smooth threefold.
We can choose local analytic coordinates (x, y, z) in the threefold so that the surface
is defined by z = 0. Since there is only only equation, blowing up z = 0 does nothing,
and the proper transform of the surface is isomorphic to the surface being blown up.
By contrast, suppose a smooth surface passes through a conifold point. We can
choose local analytic coordinates (w, x, y, z) so that the conifold is defined by wx = yz
and the surface is defined by w = y = 0. Now if we blow up w = y = 0, we get two
coordinate patches. In the first patch we have a new coordinate u = w/y, leaving
coordinates (u, x, y, z) after eliminating w via w = uy. Making this substitution
into the equation of the conifold and factoring out y, we get ux = z, i.e. z can be
eliminated as well, leaving independent coordinates (u, x, y), i.e. this patch of the
blowup is a smooth threefold. The blowdown map is seen to be
(u, x, y) 7→ (w, x, y, z) = (uy, x, y, ux). (B.31)
The inverse image of the conifold point in this patch is {(u, 0, 0)}, a copy of C.
We have a second coordinate patch described in terms of a new coordinate v =
y/w. A similar calculation gives coordinates (v, w, z) and blowdown map
(v, w, z) 7→ (w, x, y, z) = (w, vz, vw, z). (B.32)
The inverse image of the conifold point in this patch is {(v, 0, 0)}, another copy of C.
Since the first coordinates in these two patches are related by v = u−1, we see that the
conifold gets blown up to P1, and we have a small resolution. Furthermore, the local
forms (B.31), (B.32) of the blowdown map show that the exceptional P1 is identified
with the exceptional P1 of the blowup of surface w = z = 0 with coordinates (x, y).
Now the divisor w = 0 in the singular threefold has two component divisors:
w = y = 0 and w = z = 0. Blowing up the first introduces an exceptional P1 in its
proper transform. We now show that the blowup does not change the other divisor.
If we consider the divisor w = z = 0 and make the coordinate change w = uy,
recalling that the exceptional divisor is y, we get the proper transform of this divisor
is u = z = 0, or just u = 0 since z = uy as discussed above. The inverse image
via (B.31) of the conifold point inside u = 0 is just (0, 0, 0), so the proper transform
of the divisor w = z = 0 is isomorphic to the original divisor inside this coordinate
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patch. A similar calculation in the other coordinate patch completes the verification
of our assertion.
This gives us our strategy for identifying and resolving the conifolds: by blowing
up one Hirzebruch surface, we introduce exceptional P1’s in its proper transform
without changing the other Hirzebruch surface. We will see this explicitly in our
SU(3) model after further calculation. This process involves a choice and is asym-
metric, related by flops. Furthermore, since we are using algebraic blowups, the
resulting smooth threefold is guaranteed to be Ka¨hler.
We now implement this strategy by blowing up the Hirzebruch surface S corre-
sponding to the first factor of (B.29). It can be shown that
S '
{
F0 n even
F1 n odd
(B.33)
but we do not need this, as KS (needed for Segre classes) can be computed by other
techniques. Instead, we note that the exceptional divisor E of P˜4 is a trivial P2-
bundle over L, i.e. is isomorphic to P1 × P2, essentially because the homogeneous
coordinates (x0, x1, x2) on the fiber are independent of the coordinates on L. The
equation of the surface S has degree n in the P1 variables and degree 1 in the P2
variables. If we let h1 ∈ H2(P1,Z) and h2 ∈ H2(P2,Z) be the respective generators,
we therefore have for the class of S
[S] = nh1 + h2. (B.34)
Then we can generate H2(S,Q) by f = h1|S and h = h2|S, where f is a fiber of the
Hirzebruch surface and h is a section. We compute
h2 = h22 (nh1 + h2) = n. (B.35)
We also have
f 2 = 0, hf = 1, (B.36)
either by lifting to P1 × P2 and intersection with the class nh1 + h2 of S, or more
simply by noting that f is a fiber and h is a section.
For KS we write KS = αh + βf and solve for α and β using the adjunction
formula
f(f +KS) = −2, h(h+KS) = −2. (B.37)
We get
KS = −2h+ (2n− 2) f (B.38)
In preparation for blowing up S, we need to compute its Segre class. We have
s(S, P˜4) = c(N
S/P˜4)
−1 = c(TS)c(TP˜4|S)−1. (B.39)
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We have
c(TS) = [S] + (2h− (2n− 2)f) + 4p. (B.40)
To compute c(TP˜4), it is most convenient to use that P˜4 is a toric variety, whose six
torus-invariant divisors have classes H,H,H− E,H− E,H− E,E. We get
c(TP˜4) = (1 + H)
2 (1 + H− E) (1 + E) . (B.41)
We now blow up S and let E1 denote the exceptional divisor of this second
blowup. We then identify the class of the proper transform of E and denote it as
E2 = E− E1. (B.42)
Using invariance of the Segre class as we did in the SU(2) case, we can compute all
of the 4-fold intersections involving H,E1,E2.
We now choose our singular quintic threefold Y to have multiplicity 2 along L,
and furthermore, after blowing up as we did in the SU(2) case, contains S. Our
Calabi-Yau X is the proper transform of Y after our two blowups. We see that X
has class
[X] = 5H− 2E− E1. (B.43)
We then put
H = H|X , E1 = E1|X , E2 = E2|X (B.44)
By construction, X has a resolved A2 configuration over L. The surface E1 is a
Hirzebruch surface and E2 is a blown up Hirzebruch surface. We can then compute
all of the triple products of H,E1, E2 by lifting to the blowup and multiplying by
5H− 2E−E1. In particular, Nf is deduced from E32 . We omit the calculations and
state the results.
For all values of 0 ≤ i ≤ 3, we get
H3 = 5, H2E1 = H
2E2 = 0, HE
2
1 = HE
2
2 = −2, HE1E2 = 1,
E31 = −3, E32 = 8,
(B.45)
Since E1 is a blown-up Hirzebruch surface by our general discussion and K
2 = 8−Nf
for a Hirzebruch surface blown up Nf times, we conclude that Nf = 11. Note that
E2 is a Hirzebruch surface which has not been blown up, again consistent with our
general discussion.
The other intersection numbers depend on n:
E21E2 = n+ 3 E1E
2
2 = −n− 5. (B.46)
From the description of E1 as a Hirzebruch surface and of E2 as a blown-up
Hirzebruch surface, we get c2(E1) = 4 and c2(E2) = 15. From c2(Ei) = E
3
i + c2 · Ei
and (B.45) we get
c2 · E1 = 18, c2 · E2 = −4. (B.47)
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It remains only to describe the Mori cone and Ka¨hler cone. As in the SU(2)
case, we choose a two-plane Q ⊂ P4 containing L and we again find a degree 3 curve
D ⊂ P ∩ Y by (B.17). This curve again meets L in 3 points. The factorization in
(B.30) tells us that after blowing up, n of these points meet E1 and 3− n meet E2.
The curves D and the fiber r1 of E1 are again in the Mori cone. However, unlike
the SU(2) case, the two components of the reducible fibers of E1 are asymmetric:
since a fiber r1 satisfies r1 · E2 = 1, one of these two components must meet E2 and
the other one does not. We let r′1 be the component which intersects E2. The other
component is then r1 − r′1 and is disjoint from E2. In principle, we might need both
r′1 and r1 − r′1 to generate the Mori cone.
The intersection numbers of each of D′ ∈ {D, r1, r′2, r2 − r2} are listed as an
ordered triple [D′] = (D′ ·H,D′ · E1, D′ · E2).
[D] = (3, n, 3− n), [r2] = (0, 1,−2), [r′1] = (0,−1, 1), [r1 − r′1] = (0,−1, 0). (B.48)
The coordinates of D can be found by an explicit geometric computation using the
equation (B.30) of the singular quintic Y . Alternatively, since D is the complete
intersection of the proper transform of two hyperplanes containing L, we get D =
(H −E1−E2) · (H −E1−E2), and then the intersection numbers of D with H, E1,
and E2 follow readily from (B.45) and (B.46).
The coordinates (B.48) make plain the relation [r1−r′1] = [r2]+2[r′1]. So [r1−r′1]
is not needed to span the Mori cone.
We need another curve to generate the Mori cone. But it will be instructive to
explain how we can find new curves iterative. We content ourselves with working
out the case n = 0.
So let’s assume that the Mori cone is actually spanned by D, r2, r
′
1. Then dually,
the Ka¨hler cone would be generated by
H, H − E1 − E2, H − 2E1 − E2. (B.49)
In particular H−2E1−E2. But we compute (H−2E1−E2)3 = −3 < 0, contradicting
Theorem A.17. Thus H − 2E1 − E2 is not nef.
But this class does have an effective representative. Interpreting (B.29) as an
equation inside the exceptional divisor P1 × P2 ⊂ P˜4) as before, without loss of
generality we can change coordinates in P2 so that the first factor is just x0 = 0.
Then the proper transform H − E = H − E1 − E2 of x0 = 0 contains the first
Hirzebruch surface E1. So when we blow up a second time, we have to subtract
E1 again. So the class of the proper transform S of x0 = 0 after both blowups is
H − 2E1 − E2, hence that class is effective.
Since S is not nef and S is a surface, a curve C satisfying S ·C < 0 is necessarily
contained in S. This gives us a strategy for finding missed curves: look for curves in
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S. Since |H−E1−E2| is base point free15, we know that we can find a representative
where the intersection S · (H − E1 − E2) is an effective curve K ⊂ S ⊂ X, hence
is in the Mori cone. Using [S] = H − 2E1 − E2, (B.45) and (B.46), we get for the
coordinates of K
[K] = (2, 2, 0). (B.50)
Comparing with (B.48) and recalling that n = 0, we see that (1/3)[D] = (1/2)[K] +
[r′1]. The Mori cone is generated by K, r2, and r
′
1.
Dually, the Ka¨hler cone is generated by
H, H − E1 − E2, 2H − 2E1 − E2. (B.51)
As a check, we compute (2H − 2E1 − E32) = 14 > 0. We have also checked in Sec-
tion 4.1 that this example satisfies the physical requirements of supergravity strings.
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